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PREFACE. 



The method of expansions, developed by Lagrange in his 
Thtorie des Fonctions Analyiiques, has been for many years 
almost exclusively adopted in this University for the demon- 
stration of the formulae of the differential calculus. The 
great name of the originator of this system gave a certain 
permanency to the method which probably it would not have 
possessed had it emanated from one less illustrious. Not to 
insist upon the doubts which have been thrown by several 
recent writers on the validity of conclusions deduced from 
the comparison of infinite series, it is certain that the absence 
of any notion of limits in the algebraical theory of derived 
functions, gives rise to an entire want of homogeneity between 
its fundamental conceptions and those which present themselves 
in its most interesting applications. Within the last few years 
an endeavour to re-establish the system of limits, has been 
made by several elementary writers in France, among whom 
may be mentioned Moigno, Duhamel, and Cournot, and 
by Professors De Morgan and O'Brien in England. From 
my own strong conviction of the marked advantage which 
the method of limits possesses over that of derived functions, 
both abstractedly and in its applications, and, trusting to the 
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valuable opinion of many writers of the present day on 
the comparative merits of the two systems, I have been 
induced to enter upon this treatise. My object has been to 
present to the English student a work from which he may 
acquire a thorough and systematic knowledge of the abstract 
theory of limits, and of its applications to certain branches 
of coordinate geometry. How far I may have succeeded in 
this attempt, and of the liability to failure in a work of such 
a nature I am fully sensible, will be determined by the 
judgment of the reader. 

In the composition of this work, which was commenced in 
the April of this year, I have derived great assistance from 
Moigno's Legons de Calcid Diffirentiel et de Calcul Integral, 
Duhamel's Cours d 9 Analyse, and Cournot's The'orie des Fonc- 
tions : from the last of which treatises I have made considerable 
extracts in Chapter VII. on the Development of Functions, 

Camhidge, November, 1845. 
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DIFFERENTIAL CALCULUS, 



FIRST PART. 
GENERAL PRINCIPLES AND ANALYTICAL APPLICATIONS. 



CHAPTER I. 



FUNCTIONS. 



1. If any two quantities are so connected that any variation 
in the magnitude of the one implies a corresponding variation 
in the magnitude of the other, either of these quantities is said 
to be a function of the other. Such a connection is expressed 
algebraically by means of an equation involving the symbols of 
the two quantities and any other symbols of invariable magni- 
tudes. Thus x and y are functions the one of the other in 

the equation 

x* t/ 2 

or y = i(a»-^)l (2), 

a 

where a and b are supposed to represent invariable magnitudes. 

2. If y be expressed directly in terms of z> as in (2), it is 
said to be an explicit function of ' x ; if it be merely connected 
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with x by an unsolved equation, as in (1), it is said to be 
an implicit function of x. 

3. The connection between x and y may be expressed 
generally by an equation 

F(*,l/) = (3), 

where FXz, y) denotes any expression whatever involving x, y, 
and constants. These constants are usually called parameters, 
a term borrowed from the theory of conic sections, where the 
word parameter is used to denote a certain fixed line. If we 
wish to represent in the most general manner that y is an 
explicit fJL. of,, we ™ y Jte 

»-/(*) w. 

f(x) denoting any algebraical expression which involves x and 
parameters. The equation (4) is easily seen to be a particular 
form of the equation (3); for we may write it thus, 

y -f{x) = 0, 

y -fix) being merely a particular instance of the general form 

4. Functions may be termed mathematical of empirical; 
mathematical, if the functionality is established by definition ; 
empirical, if discovered by observation. As an instance of the 
latter functionality, let y denote the attraction of the Sun upon 
the Earth, and x the distance between these two masses ; then 
it is known by observation that 

yu being a constant quantity: y is in this case an empirical 
function of x. 

5. A function fix) is said to be continuous when, as x in? 

creases continuously, f (x) passes continuously from one possible 

value to another through all intervening values: the function 

is said to be discontinuous whenever this condition is violated. 

Take for instance 

1 

y= — : 

x - a 
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then, as x keeps increasing continuously from to a value 
a-h, where A is a positive quantity less than any assignable 
magnitude, it is plain that y also keeps continuously changing 

through every gradation of value from — to - go : but when 

a 

x changes from a-htoa + h, y leaps from - oo to + oo 

without passing through the intervening values. Thus we 

see that in this case y is generally a continuous function, 

but that it experiences a dissolution of continuity when x 

becomes equal to a. If we take 

1 

then, although, when x =» a, y assumes the value oo , yet this 
value of x does not correspond to a discontinuous state of the 
function, since, as x passes from a - A to a + h, there is no 
gap in the range of values of y. 

6. Suppose y=f(%) to be the equation to a curve; then, 
if the function f(x) is continuous for a certain range of values 
of x y every two points of the locus will be joined by a con- 
tinuous curve: on the other hand, if there is a dissolution 
of continuity at any point, and if the function be possible 
before and after x has passed its critical value, there will be a 
gap between two points of the curve corresponding to con- 
secutive values of x. Thus, in the instance of the curve 

1 

y = > 

x - a 

the asymptote, of which the equation is x « a, is touched at 
opposite ends by the curve for two consecutive values of x, 
one greater and the other less than a by an indefinitely small 
magnitude. 

7. Functions of x, which are expressed by the ordinary signs 
of algebra and trigonometry, are usually continuous, if we 
disregard certain dissolutions of continuity corresponding to 
peculiar and detached values of x. There are however excep- 
tions to this principle. For example, if 

y - (- aj, 

b2 
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a being a positive quantity, it is plain that y will be imaginary 

whenever x is of the form 

2X+ 1 

A and fi being integers. Now between any two values of x> 
however little they may differ from each other, we may inter- 
calate an infinite number of fractions of the above form. Thus 
we see that it is impossible to join by a continuous curve two 
points of the locus of the equation, corresponding to two 
systems of real values of z and y, however near they may 
be to each other. These anomalous functions are inapplicable 
to questions of natural philosophy, and have attracted but little 
attention even in pure analysis. In this treatise we shall direct 
our attention entirely to continuous functions. 

8. Functions are distinguished also by the names of alge- 
braical and transcendental. If y be connected with x by an 
equation involving only the ordinary operations of addition 
and subtraction, multiplication and division, evolution and 
involution of assigned degrees, y is said to be an algebraical 
function of x. If the equation of connection does not satisfy 
this condition^ Involving for instance exponential, logarithmic, 
or circular functions of x and y, then y is said to be a trans- 
cendental function of x. Thus, for examples, in the equations 

y is an algebraical function of x; and a transcendental one 
in the equations 

f cf+fr^c**, log (xy) = x + y, 

x sin y + y sin x = sin (xy). 

9. It frequently happens that, if 

F(x,y) = 

be the equation to a curve, y will for a certain value of x 
experience a dissolution x>f continuity by becoming impossible, 
although the curve is itself continuous at the point. Thus if 

y 2 = 4mx, 



i 
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or y = ± 2m^, 

y will continuously vary from one value to another as z de- 
creases from any assigned positive value down to zero, but, 
the moment x becomes negative, y becomes impossible. The 
two branches corresponding to the double sign, each of which 
terminates abruptly at the origin, join together at this point 
and thus form a continuous curve. 



v 
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CHAPTER II. 



PRINCIPLES OF DIFFERENTIATION. 



SECTION I. GENERAL FUNCTIONS. 

Definition of a Differential Coefficient. 

10. Let y be a certain function of x> and let y' be the 
value assumed by y when x becomes x'. Then, as x' keeps 
continuously approaching to the value of x, the fraction 

y' -y 

x' - x 

■will continuously tend towards a certain value from which it 
will ultimately differ by a quantity less than any assignable 
magnitude, or, in other words, to which it will be ultimately 
equal. The indefinitely small values of the differences x' - z, 
y' - y, are usually denoted by the symbols Sx, Sy, and the 
ultimate value of the fraction 

x - x Sx 

is ordinarily represented by 

dy 

dx' 

In this expression dx and dy are any quantities whatever, 
either finite or infinitesimal, which are in the ratio of the 

ultimate values of Sx and Sy. The fraction -^ is called the 

dx 

differential coefficient of y with regard to x y the quantities 

dx and dy being called the differentials of x and y. The 

object of the Differential Calculus is to investigate the pro- 
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perties of differentials and differential coefficients, and to de- 
velop the general principles of their application to the theory 
of coordinate geometry and other branches of pure mathematics, 
and to the estimation of the phenomena of nature. 

Ex. Let y = a? : then y' « z*i whence 

y ' - y = x' 3 - 3? = (z' - Z) (z* + z'z + 3?), 

sr - & + «'* + **• 

Sz 

When z approaches indefinitely near to z, the left-hand 
member of the equation becomes |, and the right-hand 

member assumes its limiting value So? : thus 

ax 
or dy = 3o?dx 9 

that is, the differential coefficient of a? with respect to z is 3z 2 , 
and its differential is $z*dz. 

Differentiation of a Constant. 

11. If y = c, where c denotes any constant quantity, that is, 
any quantity which does not experience variation in conse- 
quence of a variation in the value of x 9 then 

dx 
For we have y =* c, y' = c, 

whence Sy = y' - y = 0, / « 0, 

and therefore, proceeding to the limit, 

or the differential coefficient of a constant quantity is always 
zero. 
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Differentiation of the Sum of a Function and a Constant 

12. If u = y + c, where y represents any function of x, and 
c denotes a constant quantity, then 

du _ dy 
dx dx 

Let x' y y\ u, be simultaneous values of x, y, u ; then 

u = y + c, u » y 1 + c, 



«' 


- M 


y-y 

a: - x 


Su 
Sx s 


«y. 


x' 


- X 


"&• 


»g 


to the limit, 










du dy 
dx dx 







or the differential coefficient of the sum of a function and a 
constant is the same as that of the function alone. 



Differentiation of the Product of a Function and a Constant. 

13. If u = cy, where c represents a constant quantity and 

y a function of x ; then 

du dy 

dx dx * 

Let x', y', u', be simultaneous values of x, y, u ; then 

u = cy, vl = cy', 

x' - x x' - x ' Sx Sx' 



and therefore, in the limit, 

du __ dy 
dx dx 

or the differential coefficient of the product of a function and a 
constant is equal to the product of the constant and the dif- 
ferential coefficient of the function. 
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Differentiation of a Sum of Functions. 

14. If u = y x + y 2 + y s + + y n , where y v y„ y s , . . . . y w , 

denote any functions whatever of x 9 then 

du dy x dy % >dy dy n 

Tx ^ + "^ + ^ + '"- + ^' 

In fact, taking any simultaneous values si, u, y\, y\, y\, ... y' n , 
of x, u, y„ y t , y„ ... y„, we have 

« = y. + y» + y» + — + y.> • 
«' = y'i+y'a+y'»+ •••• +y'.» 

whence ^ = 8^ + *+3* + «^ + - + M^ , 
#-# x -x x -x x-x x -x 

Su_ Sy, 8y a Sy s 8y. 

and therefore, proceeding to the limit, 

du _ dy, ,dy dy dy H 

dx~li + dx + dx + '" + 'dx' 

Hence the differential coefficient of the sum of any number of 
functions is equal to the sum of the differential coefficients of 
the functions taken separately. 

Differentiation of the Product of two Functions. 

15. If u = y x y % , where y x and y 2 are any functions of x, then 

du dy 9 dy t 

= y —Z2 -f y *l ^ 

dx dx dx 

We have x', u', j/ x> y\, denoting simultaneous values of 

u'- u « y\y\ - y x y % = y x (y\ - y 2 ) + y % (y\ - y x ) + (y' x - y x ) (y\ - y 3 ), 



8* »» Sx ' 9t 8x &c 



-(y l + *ty 1 )|f + (y, + lty 1 )|j: 
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whence, proceeding to the limit, that is, equating $x to zero, 
and therefore, y x and y 2 being supposed to be Continuous func- 
tions of x, putting also $y x and Sy t each equal to aero, we have 

dx Vl dx V% dx ' 
or du^y l dy 3 + y 3 dy r 

Hence the differential coefficient of the product of two functions 
is equal to the sum of the products of each function multiplied 
by the differential coefficient of the other. 

Differentiation of the Ratio of two Functions. 
16. If u - V± , then 

dx y* \ ¥z dx Vx dx 
Taking x y u> y/, y 3 , to denote simultaneous values of 

x > u > Vi> y*> we have 

w'-w = ^7-^ = — -, (y % yl - y x y^) 

y* y. y*y* 



y%y 



2 



whence * .. J- (« & - « &V 

and therefore, proceeding to the limit, that is, equating x' - x 
or Sx to zero, we get, observing that y t ' becomes y„ 

*f = -L f„ & _ v fSi\ 

dx y a 'V y ' dx ¥l dx)' 
or rf« = -j (y,4r t - y^,). 

y 8 

Hence, to differentiate the Ratio of two functions, we have 
the following rule : Multiply the denominator by the differential 
coefficient of the numerator, and the numerator by the differen- 
tial coefficient of the denominator : subtract the latter product 
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from the former : this difference divided by the square of the 
denominator is the differential coefficient of the Ratio. 



Differentiation of the Product of any number of Functions. 
17. If u n = y, . y % . y 3 . . . y n , the product of n functions of x> then 

2- ^- = i ^i+I ^?+i & 4 .... + I ^.-. 
u n dx y l dx y % dx y s dx " " " y n dx* 

Since w n = t^., . y w> we have, by Art. (15), 



du du . dy m 
» = t/ ail + u — " . 

efo * n dx - l «fe ' 



I rft*_ I cfo_ . 1 rfy^ # 



whence — -r* * — • -r^ ■ — , 

t# B dx u n _ x dx y n dx 



similarly 



1 du 1 du . 1 dv 

« 3 c& m, dx y 2 dx' 

adding these equations together, cancelling terms which are 
common to both sides of the resulting equation, and observing 
that u x = y,, we have 

1 *i . I & + I ^» + 1 &+.... + I 4t 
u n dx y x dx y 2 dx y 3 cfe " " " * y m dx ' 



or 



rfw. 



= — * + — + *— — + . . . . + — . 



k Vi v* Vz y* 



Relation between Inverse Differential Coefficients. 

18. If y be a function of z, in which case x will also be 
a function of y, then 

dy dx _ 
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Let x 9 y' 9 be simultaneous values of x 9 y ; then it is evident 

that 

y - y z -z Sy Sx _ 

and that, consequently, proceeding to the limit, 

dy <fe _ 
dx ' dy 

Differentiation of a Function of a Function. 

19. If u be a function of y, and y a function of x, then 

dw d« dy 
d# dy dx' 

For we have, by common algebra, taking #', y', w', as simul- 
taneous values of x 9 y, u 9 

u' - u u' - u y - y 
x - x y - y x - x 

and therefore, proceeding to the limit, 

dw _ dw dy 
ds dy ' dx 

Cor. If u be a function of y l9 y x of y 2 , y 2 of y 3 ,. . . .and y n of 
a;, it is manifest that we may prove in the same way that 

du = du_ dy^ dy^ dy n _ x dy n 

dx dy x ' dy 2 ' dy z dy n ' dx ' 

Take for instance three y's ; then 

u > , u u > _ u y/ - y x y ; - y 2 y 3 ' - y 3 

*' - * Vi - Vi ' vi - y% ' y* - y* ' *' - * ' 

and, in the limit, 

du^du^ dy v dy 2 dy z 

d* dy x ' dy 2 ' dy 3 ' dx ' 

Differentiation of a Function of two Functions. 

20. Let u=f(y l9 y 2 ) 9 where f(y l9 y 2 ) denotes any function 
whatever of y x and y 2 , each of the quantities y x and y 8 being a 
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function of a third quantity x. Let y l9 y %9 «, become y,', y,', u' y 
when x becomes x' : then 

u^Ay^yJ, «'=/(&'> y/X 
«'-«-/(y»'*y. # )-/(yi»y«) 

=/(y/> »•) -/&* y») +/(y/> y 8 -Ay/* y a )> 

^ / ~^ _ /(y/,y 2 )-/(y 1 , y a ) y/-yi , /(y/, y'J -Ay/, yj y/j/, 

#' -# y/ -yi V-* y/-y» v-* # 

Now in the limit, when *' diners from x less than by any 
assignable magnitude, 

u'-u ^Du^ y[ - y, _ dy y ^ yj-y 2 _dy s ^ 
x' — x dx x' — x dx x' — x dx 

Ay/> y») -fdfi > yd = 4f(*y » y a ) a fr 
y/ - yi <*& * rf y, ' 

and, first replacing y[ by y,, and then y 3 ' by y 2 , 

Aj^_y a V AyjVyJ /(y^yQ-ZCy^y.) = *f(y x >yd m <fa . 
y 2 '-y3 y/-ya rf y* rfy/ 

hence -3- = :r- • -/* + -j- • :r* C 1 )- 

air a^ as ay a air 

In this equation it is very important to observe that the 
numerators of the two fractions 

du du 

d Vi' d V* 
although represented by the same symbol du, are essentially 
different, the numerator of the former corresponding to the 
ultimate value of the increment 

'/(yi'>y*)-/(yi>y2)» 

and the numerator of the latter to the ultimate value of the 
increment 

/(yi^y^-ZCy^yJ- 

The numerator of the fraction 

Du 

dx 



14 PRINCIPLES OF DIFFERENTIATION. 

which corresponds to the ultimate value of the increment 

/&'»&') -/to* yj. 

and which we have represented by a distinct symbol Du, is 
evidently different from either of the numerators of the fractions 
du du 

In order to obviate all possibility of confusion, we might use 
the symbols d y w, d V2 u, to denote the numerators of — - , — , 

the suffixes serving to point out the origin of the two differentials. 
Such a notation, however, although remarkably clear, would 
frequently be very embarrassing, especially in long operations. 
It will be sufficient for distinctness if we remember to regard 

- 1 — ■ and -7— as fractions the denominators of which are insepa- 

rably attached to the numerators, the symbols dy 1 and dy 2 , 
which express the denominators, thus serving to indicate the 
true nature of the du in the numerators. 

If, however, as will be sometimes convenient, we do put d H u 9 

dyju, instead of du, in the expressions — , -r— , we shall then 

dy x dy 2 

be at liberty to treat these differential coefficients as ordinary 

algebraical fractions : thus 

Du^a^u dy^^d^ a\ _. 

dx dy x ' dx dy 2 dx 

may be written, multiplying both sides of the equation by efo, 

Du = d Vi u + a\ 2 u (3). 

The quantity d Vj u denotes the differential of u taken with regard 
to y l9 as if y % were constant, dyjti the differential of u taken with 
regard to y % as if y x were constant, and Du the differential of u 
due to the simultaneous variations of y x and y 2 dependent upon 
the variation of x. The quantities a\ x u^ d\ 2 u, are called the partial 
differentials of u with regard to y x> y 2 , respectively, and Du its 
total differential. The quantities 

a\ x u d H u 
d Vi y W 2 ' 
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in the equation (2), or their equivalents 

du du 

in the equation (1), are called the partial differential coefficient* 

Du 

of u with regard to y iy y 2 , respectively. Finally, — is called 

the total differential coefficient of u. 

The equation (3) shews that the total differential of u is equal 
to the sum of its partial differentials. 

Differentiation of a Function of any number of Functions of a 

single Variable. 

2 1 . Let u = f(y l , y a , yj, a function of three variables y , , y 2 , y s , 
each of which is a function of x. Then if «', y/, y a ', y s ', be 
simultaneous values of u 9 y l9 y 2 , y s , we have 

u =/(yi y y 2 > y^> u ' -/&'* y%> y*)> 

u'-u =/(y/, y,', y,') -/(y,, y„ y,), 

*| - * = /(y,', y„y,) -/(y„ y„ y,) y/ - y t 
z -z yi -yi ' x' - x 

, /(y/* y»'> y>) -/(y/> y a > y s ) yi - y 8 
y 8 ' - y* ' *' - * 

. /(Hi* y *> vi) -fb/i> yjy yd y*-y> 

1" / "" • 7 • 

% - y 8 * - * 

Proceeding to the limit we get, as in the case of two functions, 

dx dy x ' dx dy 2 " cte dy 3 cte 

In this equation -=— , -=— , -=— , are the partial differential 

rfy x dy % dy z 

Du 
coefficients of u with regard to y,, y 2 , y s , respectively ; and -j- 

the total differential coefficient of u with regard to x. If we 
adopt the suffix notation, the equation (1) may be written 

^.in.i+^.i + if.i (2). 

dx dy x dx dy % % dx dy 3 * dx 
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Multiplying the equation (2) by dx, and putting 

-£.dy, = d n u, -^.dy 2 = d n u, -j£ . dy z = d H u, 
d Vi d V* d V* 

we have Du = d Vl u + d V2 u + d n u (3). 

The same theorem may evidently be extended to any number 
of functions ; so that, if 

t/ii Vz* V*> % • • -y** being any n functions of x y then 

Du _ du dy x du dy 2 du dy s du dy n 

dx dy x * dx dy t ' dx dy z dx * * * * dy n ' dx ' 

or, replacing du in the expressions 

du du du du 

d Vx* ty** d Vz y d Vn ' 

by d v u 9 d^Uy d y u y . ... d p u respectively, and clearing the 
equation of fractional forms, 

Du *=du + du + du+.... + d„u. 

*1 *2 *4 *»» 

It may therefore be stated as a general proposition, that 
the total differential of a function of any number of functions 
of a variable is equal to the sum of its partial differentials 
taken on the hypothesis of the separate variation of each of 
the several subordinate functions of the variable. 

Cor. If any one of the quantities y l9 y 2 , y 3 , . . . . y n , y x for 
instance, be equal to x y which is the most simple form of 
functionality, then from the above demonstration it is plain 
that we may replace the corresponding term 

du dy x , du 
dy x dx dx' 

thus if u =/(*, y 2 , y 3 , y 4 , yj, 

. Du _ du du dy 2 du dy 9 du dy n 

ax ax dy 2 ax dy z dx dy n dx 

or, transforming the equation from differential coefficients to 
differentials, 

Du = d m u + dy 2 u + d n u + + d ¥n u. 
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Differentiation of an implicit Function of a single Variable. 

22. Let v = (x, y) = 0, 

y being therefore an implicit function of x : then t/, x\ y', being 
corresponding values of t?, x, y, 

v = <p(z 9 y) = 0, v = (#', y') « 0, 

t>' - v = <£(#', y') - <p(z, y) = 0, 
or 

v-v <f>(x,y)~<p(z,y) , ftp'* y ')- flto y) y'-y_ n / n 

a?-# a: - a: y~y # - # 

Now in the limit, when z' approaches indefinitely near to x 9 
and therefore y to y, we have 

y - y _dy v' - v _ D© 

#(*'> y) - 4> fo y) c #foy) ^ <fo 

x — x dx dx 

and, first replacing a:' by x> and then y' by y, 

ft 0'> y ' ) - 4> Qk> y) s ftfo y') - ftfa y) = # fa y) = * . 
y'-y y'-y = <*y "rfy* 

hence the equation (l) becomes 

Dv __ dv dv dy ( . 

efe efe dy' dx 

This result gives us the expression for -j- in terms of the 

dx 

partial differential coefficients of v with regard to x and y taken 

successively as separately varying. If we replace the symbol 

dv in the numerators of the fractions 

dv dv 
dx' dy 9 

by the expressive forms dv y dv, we have, transforming the 
equation (2) from differential coefficients to differentials, 

Dv = d v + dj$ = 0. 
This result shews that if any function of x and y be always 
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zero, its total differential or the sum of its partial differentials is 
always zero. 

General Theory of the Differentiation of implicit Functions 

of a single Variable, 

23. If v x - 0, v 2 = 0, t? s = 0, . . . .v n =• 0, 

where v x , v % , t> 3 ,. . . .v n , are n functions of z, y x , y %9 y s , y n > 

the variables y x > y 2 > y 3 >. . . *y n9 being therefore implicit functions 
of x 9 then 

dt> x dv x dy x dv x dy s dv x dy s dv x dy n _ 

«te dyj <to ay, ax dy t ax ay n ax 

together with « - 1 additional equations involving v t , v 3 , v t ...»„, 
precisely as v 1 is involved in this. 

Let x, y,', y a ', y,',. .. ,y^, »,', be corresponding values of 

x > Vi> y a » Vt> y.» *iJ tlien 

«i =/(*> y,> y a » y».- • • -y.) = o, »,' =/(*', y/, y 2 ', y s ',...y„') = o ; 

hence 
= »/ - t>, =/(*', y/, y 3 ', y,', y„') -/(*, y lt y tt y t , y.) 

=/(*'» &> y»» y s » — yJ -/C*, y,> y„> y» — y.) 
+/(*'» y,'» y»» y»» — yJ -/(*'> &> y»» y. yJ 

+/(*> y/> y»'» y. »• . • -yJ -/(*', y/> y 2 > y„. . . .yJ 



+/(*'> yi'» y>'> y» y») -/(*'> y/» y%» yi> yJ : 

whence, S m , S n , 8,,,. . . .&,„, denoting the partial increments of 
the functions to which they are prefixed with regard to x, y,, y# 
. . . .y n , respectively, and & the total increment of »,, we have 

Ac, S M f(x, y„ y„ y 3 ,...yj S n f(x',y 1 ,y t ,y 3 ,...y n ) Sy, 
Sx &c gy, ' &c 

, &»/(s'> y/> y„ y„>-yj §& 
Sy, * 8» 

+ . . . , 
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Proceeding to the limit, we have, x, y,, y,, y„. . . .y„, being the 
ultimate values of*', y,', y,', y s ', y„', 

= 55 = ^J + ^J ^< + *! ^J + ^i & +. 
flfcr <& dy x ' dx dy % ' dx dy z dx 

oy^ dx 

The analogous equations in regard to v 2 > t? s , t? 4 ,. .. .t?„, may be 
established in the same way. 

Multiplying the equation (1) by dx, we have 

= Zto » — * . efe + —i . rfy + —i . dy a + -^ . rfy.+...+ -3- 1 . e?y M , 
<fe dy x yi cfy, y * rfy, y » rfy n y " 

or, if we express the different partial differentials of v x by 
suggestive suffixes, 

From the equation (1) together with the (n - I) analogous 
equations, making in all n linear equations, we may determine 
the n differential coefficients 

%. <hu %t <bh 

dx 9 dx ' dx '' "" ' dx ' 
in terms of the n(n + 1) partial differential coefficients of 

V l> V 2> ^SV ' • •*%' 

Total Differentiation of a Function of Functions of independent 

Variables. 

24. We have now fully considered the principle of differen- 
tiating a function of functions, the subordinate functions being 
dependent each of them upon one and the same variable. 
Suppose, however, that 

u =fb/i>y2>y*> — sO> 

and that y l9 y 2 ,y 3 ,. . . .y,,* are not all of them dependent upon 
a single variable, but that they are functions of several inde- 
pendent variables. Let u' 9 y/, y 2 ', y,',. . . .y n ', be corresponding 

values of u 9 y,, y 2 , y 3 , y n : then 

c2 
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rf-u «/(y/> y 2 '> y 3 '>. . • .y w ') -/fa* y 2 > y 3 >- • . .y») 
-/(y/* y 2 > y 3 >- • • -yJ -/(y^ y 2 > y 3 > • • -yJ 
+/(y/> y 2 '> y 8 > — y«) -/(y/> y 2 > y 3 >. • • -y«) 
+/(y/> y 2 '> yif • • • .yJ -/(y/> y 2 '> y 3 >- • • .yJ 



+/Cy/f y,'> yi>-y'nx> yJ -/&> y*> y^-y'».»» yJ. 

or 

+ + ^/(y/, y/, y,\. . . .y'^, y.). 

Now when these increments are diminished indefinitely by the 
continuous approximation of y/, y 2 ', y 3 ',. .. .y n ', to the values 
Vi> y 2 » y 3 >* • • «y«> an ^ ^ correspondency with any restrictions 
to which these variables may be subject, let quantities finite or 
infinitesimal which are proportional to these vanishing incre- 
ments be called the differentials of the corresponding incre- 
mented quantities : this definition of differentials is merely an 
extension of the definition for the case of one independent 
variable to that of any number. Then, by the notation of 
differentials, we have 

Du = du 4 du + du 4. . . . + du. 

*1 * 2 *S v n 

Ex. Suppose that 

"=/(yi>y 2 >y 3 ) = y, + y 2 + y 3 > 

yi = *i + *i> y 2 = *i 2 + * 2 *> y 3 = *i s + * 2 3 ; 



r 3 > 



then S.w^Sy,, $ v u = Sy 2 , S H u = 8y 3 

d^^dy l9 d H u = dy %y d^u-dy^ 
Du = dy x + dy % 4 rfy 3 . 

Sy, = &, 4 &c 9 , Sy, = s/ 2 - x? + <* - < 

Sy 3 = < 8 -^ + ^-< 

« (a;/ 2 4- #/#, 4 a?, 2 ) &*;, 4 (# 2 ' 2 4 x 2 x 2 4 # 2 2 ) &r 2 : 
hence, by the definition, 
dy x = dx x 4 cfe 2 , dy 2 = 2^ efe, + 2x 2 dx 2 , dy s = Sx x dx x 4 3# 2 2 cfej; 

2>w= rf^ 4 dx 2 4 2# 1 dfe 1 4 2x±dz t + Sx*dx 4 3# 2 2 efe 2 

= (I 4 2x x 4 3a;, 2 ) cfej 4 (1 4 2s 2 4 3# 2 2 ) dx 2 . 
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Partial Differentiation of an explicit Function of three Variables 
one of which is a Function of the other ttvo. 

25. Suppose that u =f(x, y, z), 

z being some function of two independent variables x and y. 

Since x and y are supposed to vary independently of each 
other, the variation of z being dependent upon the variations of 
x and y, we may assume y to remain unchanged while x and 
therefore z varies : then, the expression 

Du 

dx 
being taken to denote the total differential coefficient of u 9 as 
far as u is affected, both immediately by the variation of x and 
indirectly by the variation of z as consequent upon that of x, 
we have, by Art. (21), Cor., 

Du du du dz ,„ N 

* m dS + *'& (1) - 

In like manner, y being supposed variable and x constant, 

Du _ du du dz . 

dy dy dz' dy 

In these equations g and g are the partial differential coeffi- 

cients of z with regard to x and y respectively ; — and — are 

dx dy 

the partial differential coefficients of u with regard to x and y. 

du 
In the equation (1), — represents the value of the ultimate 

tiz 

ratio of the increment of u to the increment of z, when z 

receives an increment in consequence of the variation of x : in 

du 
the equation (2), — - represents the value of the ultimate ratio 

dz 

of the increment of u to the increment of z, when z receives an 

increment in consequence of the variation of y. It is important 

however to observe that in both cases the actual value of — 

dz 

must be the same, the origin of the variation of z evidently not 
affecting the ultimate ratio in question. "We are at liberty 
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therefore to consider dz as the total differential of z in the 

du 
denominator of — in both equations, the value of du being 

az 

accordingly also the same in both. The equations written in 

the most expressive form would accordingly be 

^ = ^w + d> d£ (3 x 

dz dx Dz dz 

Dja _ dju du d£ , v 

dy dy Dz dy 

Owing to the complexity of the notation in (3) and (4), it will 
be desirable to adhere to the form of expression which we have 
given in (1) and (2). No danger of confusion can arise from 
the several meanings of Du, du, dz, provided that we remember 
to regard as monads the expressions 

Du Du du du du dz dz 
dz dy dz 9 dy 9 dz 9 dz 9 dy 9 

the denominators of these indissoluble fractions sufficing to 
suggest the significations of their numerators. 

Multiplying (3) and (4) by dz and dy respectively, and 
adding, we have 

Du + Du = du + du + -^- . (dz + dz) : 

• V * r JjZ 

but, by Art. (24), Dz = dz + dz ; 

hence D m u + D u = d m u + du + du : 

but, by Art. (24), we have also 

Du = du + du + du; 

* 7 

hence Du = Du + Du » du + du + du. 

* p x p m 

Partial Differentiation of an explicit Function ofn + r Variables, 

x independent and n dependent. 

26. Let u=f(x x ,x % ,x z ,.. % .x r ,y x ,y z ,y % , y n ), 

where y l9 y % , y s ,. . . .y„, are each of them functions of r inde- 
pendent variables z x , z 2 , z 3 ,. . . .z f . 
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Then, differentiating successively with regard to x l9 x %9 x t9 .:X r9 
each of these quantities being taken in turn as the only variable 
among them, we have, by Art. (21), 

Du du du dy x du dy % du dy 2 du dy n 

dx x dx x dy x " dx x dy 2 ' dx x rfy 8 " dx x * - * * dy % ' dx x ' 

Du _ du du dy x du dy 2 du rfy 8 du dy n 

dx 2 dx 2 dy x * dx 2 dy 2 * dx 2 dy z ' dx 2 * " * dy n ' dx* ' 

Du du du dy x du dy 2 du dy % du dy n 

dx 2 ~ dx 2 dy x ' <fe 8 dy 2 - dx % dy/ dx % dy n ' dx 3 ' 



Du _ du du dy x du dy 2 du dy 3 du dy n 

dx r ~ dx r dy x ' dx r dy 2 ' dx r dy/ dx r " " dy n ' dx r ' 



Partial Differentiation of an implicit Function of two 

independent Variables. 

27. Let z be an implicit function of two independent variables 
* and y by virtue of an equation * 

Then supposing, as we are evidently at liberty to do, that y 

remains constant while x and consequently z varies, we have, 

by Art. (22), 

Du du du dz ^ 

Again, supposing y variable and x constant, we shall have also 

Du du du dz _ 
dy dy dz' dy 



Partial Differentiation of implicit Functions of any number 

of independent Variables. 

28. Let t>, = 0, t> 2 = 0, tf 8 - 0,. . . .v n = 0, 
where v l9 1? 3 , t? 8 ,...t? n , are n functions of n + r variables x l9 x %9 x v 
"•x r9 y x > y %9 y s >—y M : then each of the variables y l9 y 2 , y^.y*, 
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may be regarded as a function of r independent variables 
x i> x %y # 3 >....*>• We are therefore at liberty to consider 
x 2 > x 3 9* •• * x rf ** *& constant, and to regard y l9 y 2 , y 3 . .. .y», 
as functions of a variable x x . We have therefore, by Art. (23), 

dx x dx x dy x ' dx x dy 2 ' dx x dy 3 * dx x *" dy n ' dx x * 
Similarly, x 2 , x 3 ,. . . .a? r , successively taking the place of x xi 

dx 2 dx 2 dy x ' dx 2 dy 2 ' dx 2 dy z ' dx 2 "" dy n ' dx 2 * 

efc 3 efe 3 dy x ' dx 3 dy 2 * <fo 3 dy 3 " <fc 3 '" rfy„ ' efc 3 ' 



dx r dx T dy x ' dx r dy 2 ' dx r dy z ' dx r '" dy n ' dx r * 

There will evidently be also r analogous equations in relation 
to each of the functions v 29 v 3 , v^ . . . . v n . We thus have nr 
differential equations, and may thence determine expressions 
for the nr partial differential coefficients of the dependent 
variables y x , y 2 , y 3 , y n , viz. 

f& *g% *9% djfn 

dx x ' dx x ' dx x ' dx x ' 

*£\ dy* ffy 3 ^ 

dx 2 dx 2 dx 2 dx 2 



*gx <hu <fy> fy» 

dx 2 dx 2 dx 3 ' dx 3 ' 



<fyi 9 <fy* 9 «%fe <fyn 

dx r ' dx r ' dx r ' dx r ' 

in terms of the n (n + r) partial differential coefficients of 
v x , v 2 , t? 8 , ... t? n , taken with regard to the variables x xf x 2 , x 3 , ... x r , 

Vn y» y 8 > - y-- 
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8ECTION II. 8IMPLB FUNCTIONS. 

29. In the preceding section we have shewn how to reduce 
the differentiation of a function of functions to that of the 
differentiation of its subordinate functions. In this section we 
shall investigate the differentials of what may be called simple 
functions, as being the constituent elements or subordinate 
functions of all the complex functions of algebra. The essen- 
tial characteristic of a simple function consists in its not being 
susceptible of resolution into elements more simple than itself, 
except by the aid of infinite series: the number of simple 
functions might therefore, as may easily be imagined, be mul- 
tiplied indefinitely. The algebraical expressions ordinarily 
adopted as simple functions are the following : 

at", m being any real quantity whatever, 

a", sin Xy cos x, tan x, cot x, sec x, cosec x, 

and the inverse functions 

log a x y sin" 1 Xy cos" 1 x 9 tan" 1 x, cot" 1 x 9 sec" 1 x 9 cosec" 1 x. 

These expressions have been selected as the elementary 
functions of ordinary analysis, in consequence of their peculiar 
utility in the various applications of the science. 

To find the Differential Coefficient of x n with respect to x, 
n being any rational quantity whatever. 

30. Put y = of* ; then, x' y y\ being corresponding values of x 

and y, we have 

y -y = x n - x H y 

Sy vT-x* ^ . zr- 1 
Sx x' - x ' z - 1 ' 

z being such a quantity that x' = xz. 

Our object is now to find the limiting value of the fraction 

Z*- 1 

z~^l' 
when z approaches indefinitely near to unity. Now whatever 
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be the value of n, positive, integral, fractional, or negative, we 
may always express it under the form 

p-q 

r 
where p, q, r, are positive integers. Hence 

P-9 

z*-l z r - 1 tf-*-\ 

7 « r~ = — — r > Pitting z m v r , 

2-1 Z - 1 V r - 1 r ° 

_ 1_ Q* - 1) - 0* - 1) 
~ v q ' t> r -l 

Hence, dividing u* - 1, v* - 1, if - 1, by t? - 1, observing that 
p, q, r, are positive integers, we have 

2*- 1 _ 1_ (l+c + ^+.M. ■fp f ' 1 )> (1 + t? + o 2 +. .. , + t^- 1 ) 
2-1 t?« ' 1 + v + v 2 + . . . . -f tT l 

Now, by making t? approach more nearly to unity than by 
any assignable difference, z will also be made to do so : hence 

limit of = - — - = n. 

2-1 r 

Hence we see that -~ = na?'\ 

ax 

To find the Differential Coefficient of log* x with regard to x. 
31. Put y=log fl #; 

then y = log a x, 



x' ( Sx\ 

Sy = log a - = log a [ 1 + --J, . 

Sx $x 



Put -=0; then 
x 



By 1 log a (1+0) 1, Wl Q ± 



= ^ og -( 1 + 0'' puttiDg0= V 



sion 
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Our object is to determine the value assumed by the expres- 

log.(.*i)\ 

when n = oo, a value of n consequent upon the evanescent state 
of Sx. Now whether n be a continuous or a discontinuous vari- 
able, yet, provided that it become greater than any assignable 
magnitude, Sx will become less than any assignable magnitude, 
which is the only condition to be fulfilled by Sx in the ultimate 
state of the hypothesis. We will assume then n to represent a 
positive integer, and proceed to ascertain the limiting value of 
the function 

when the integer n becomes great without limit. 

By the binomial theorem we have the following expansion, 

isting of n + 1 terms, for ( 1 + - ] , viz. 
fio^Y la." 1 . »(»-*) 1 , n(fi-l)(n-2) 1 

n (n - 1) (n - 2) (n - v + 1) 1 

1.2.3 v n v 



consisl 



n(»-l)(»-2)...,(n-»-l) J_ 
1.2.3 . .. . n ' n* ' 

"K)"= 1+ l^H)^H)H) 

! f,-lV,-?V...f,-^ + .... 

1.2.3 v\ n)\ nj \ n J 



+ 
1 

1 



1.2.3. ..v(v+l)...n\ nj\ nj \ n J \ n J 

Now we may take n and v so large that, if we stop the series 
at the (v + l) th term, the sum of all the remaining terms will be 
less than any assignable magnitude. In fact, this sum is less 

than 

1 1 1 . 



1.2.3. ..v(v-f 1) 1.2.3...v(v+l)(v+2) 1.2.3...v(v + l)...tt' 
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and a fortiori than _+-— + ....+ — - , 

and a fortiori than 

1 J_ JL l _L 
2 y + 2 v+i + + 2 n-i + 2 » + 2 »a + > 

which series is equal to -^ , 

and becomes therefore indefinitely small when v is increased 
without limit. 

If then we take v indefinitely large, and neglect accordingly 
all terms after the (v + I)*, and if we then take n, which is of 
course always larger than v, an indefinitely large number of a 
higher order of magnitude than v, so that in fact the ratio of n 
to v shall be indefinitely great, we shall have 

i 1 Y t l l l 1 
1+- =1+-+ — + + + , 

nj 1 1.2 1.2.3 1.2.3 ... . v 

an approximation true without limit as v increases without limit ; 
that is, in the limit, 

1 + - ) =i+- + — + + ad infinitum 

nj 1 1.2 1.2.3 

= e, the base of Napier's logarithms. 

Hence we conclude that 

fy « l lo e = l 
dx x' x log, a ' 

To find the Differential Coefficient of & toith regard to x. 

32. Put y=«% ff~<jp = dr*\ 

then y' - y = c?.{a** - 1), 

Sx Sx 

Put a 3 *- 1 = - , &c log, a = log, ( 1 + - i ; 

n \ n) 

then £,«.. lo *.« ., -«-. -J2&* 



8* 



»log.(l+i) log^ 1 *; 
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Now, to proceed to the limit, putting n = an indefinitely large 
positive integer, and thereby rendering Sx less than any assign- 
able quantity, we have, 

^ = a-. |2g^ = aUog, «. 
dx log, e 

To find the Differential Coefficient of sin x with regard to x. 
33. Put y = sin x ; 

then Sy = sin (x + &c) - sin x 

= 2 sin — . cos [x + — 
2 V 2 

, ty 8m J ( & 

whence ■— = ■ . cos [ x + — 

Sx &T V 2 



2 

Now by the seventh Lemma of the first section of Newton's 
Principia we know that the arc and the chord of any curve 
vanish in a ratio of equality : whence it follows that the ratio 
between the sine and the circular measure of an angle is ulti- 
mately unity. Hence, in the limit, 

sin — 

bx 
1 

and therefore -^ = cos x y dy = cos x . dx. 

dx 

To find the Differential Coefficient of cos x. 

34. Put y = cos x, t/ = cos (x + Sx) ; 

then Sy = cos (x + Sx) - cos x 

rt . / Sx\ . Sx 
= - 2 sin [ x + — . sin — , 
V 2) 2 

8y . / Sx\ 8m T 

r a -Bin «+ — . — ; 
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whence, in the limit, dy 

-f- = - sin x, 
dx 

or dy = - sin x . dx. 

To find the Differential Coefficient of tan x. 
85. Put y = Hmx, y" » tan {x + Sx) ; 

then Sy = y' - y = tan (x + Sx) - tan x 

_ sin (x + Sx) cos x - sin x cos (a: 4 



COB X COS (X 



cos x . cos (a: + Sx) 

1 sin gar 



Sx cos a; cos (a; + 
proceeding to the limit, when 



or dy = (sec xf dx. 

To find the Differential Coefficient of cot x. 
36. Put y = cot x, y + Sy = cot (a; + 8x) ; 
then Sy - cot (x + &c) - cot * 

sin x cos (x + &c) - cos a? . ain fo + S 



sin x . sin {x + ia:) 
sin & 
sin a: . sin (x + Sx) ' 
fy m _ 1 sin&r. 

&c ein x . sin (x + Sx) ' Sx 

tceeding to the limit, since ultimately 
sin Sx _ 
~Sx~~- ' 
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we have | . - ( _J^ = - (cosec xf, 

or dy = - (cosec a:) 8 . dx. 

To find the Differential Coefficient of tec x. 
37. Putting y = sec x, y + By = sec (x + &r), 
we get Sy = sec (a; + &r) - sec a: 

cos x - cos (a? + Sx) 



2 sin 



cos x . cos (x + 8a:) 

&r . / Sx\ 
— . sin [ x + — 

cos a; . cos (x + &r) ' 

. / Bx\ . Sa: 

* sin \ x + — sin — 

^ = V 2 / . 2 

Sx cos x . cos (x + &r) * 



proceeding to the limit, when 



we have 



or 





sin — 
2 


= 1, 






&g 








2 






dx 


sin a: 
(cos a:)* 


tan 


Su • DCv »C, 


dy = 


tan x . sec x . 


dx. 



To find the Differential Coefficient of cosec x. 

38. Putting y = cosec x> y + Sy = cosec (a? + &r), 

we have 8y = cosec (x + Sa;) - cosec x 

_ sin a: - sin (x + 8a?) 
sin x . sin (a: + &r) 

n . 8x ( oV 

2 sin — . cos \ x + — 
2 V 2 

sin a; . sin (x + 8a:) 
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/ Sx\ . Sx 
* cos \ x 4 — ] sin — 

fy _ V 2 J 2 . 

Sar sin a: . sin (a: + 8a:} ox 

sin — 

in the limit a l 

ox 



and therefore •/■ = - / c . 08 * = - cot x . cosec x, 

ax (sin a:/ 

or dy = - cot a: . cosec a: . di. 

Tojind the Differential Coefficient of$m~ l x with regard to x. 
39. Put y = sin" 1 x> y + Sy = sin" 1 (a: + Sa:), 
then sin y = x, sin (y + By) = x + Sx, 

sin (y + Sy) - sin y = Sx, 

or 2 cos [ y + -£ j . sin -¥- = 8a: ; 

\ 2 / 2 

and therefore ^- = , . , ^ . . 

sm-J cos(y + -^J 

Now, proceeding to the limit, when Sx and Sy assume values 
less than any assignable magnitudes, we have 

Sy 



sm 
2 



hence 



1 



2M > 



or 



dx cos y { 1 - (sin y) 2 }* (1 - x 2 f 
_ rfa: 
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To find the Differential Coefficient of cos' 1 x. 
40. Put y = cos" 1 z, y + Sy « cos' 1 (x + &r), 
whence cos y = a*, cos (y + Sy) « x + S#, 

cos (y + Sy) - cos y = Sx, 

- 2 sin (y + 1\. sin 2jf ■ &r, 

Sy 

whence ^ » * . . : 

sin -£ sm I y + -* 

proceeding to the limit, we have 
dy 1 1 



or 



or dy = - 



dx sin y {l - (cos y) 8 }* (1 - #*)4 * 
dx 



(!-*>* 



To find the Differential Coefficient of tan' 1 x. 

41. Proceeding in the same way as in the investigation of 
the differentials of sin" 1 x and cos" 1 x, we have 

y = tan' 1 x, y + Sy = tan" 1 (a: + S#), 

tan y = x, tan (y + Sy) ** x + Sx 9 

Sx = tan (y + Sy) - tan y 

sin (y + Sy) . cos y - sin y . cos (y + Sy) 
cos y . cos (y + Sy) 

sin Sy 
cos y . cos (y + Sy) ' 

J = -,-lL . cos y . cos (y 4 Sy), 
Sar sin oy 

^ _ = (cos yj = x + ^ y)8 - — ^ , 
or ay = 



1 +^ 

D 
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To find the Differential Coefficient of cot' 1 x. 

42. y = cot' 1 x 9 y + Sy = cot' 1 (z + Sz), 
cot y = z, cot (y + Sy) = z + S#, 

S# « cot (y + Sy) - cot y 

sin y cos (y + Sy) - cos y sin (y + Sy) 
sin y . sin (y + Sy) 
- sin Sy 
sin y . sin (y + Sy) ' 

J- = - ^%- • sin y . sin(y + Sy), 
&s sin oy 

dy ' , . v. 1 1 

-r- = - (sin y r = ; -~ = 5 , 

<fc v yy l+(coty) 2 1 + s 2 ' 

7 die 

d V = - :; 5 • 

1 + # 

To find the Differential Coefficient of sec" 1 x. 

43. y = sec' 1 z, y + Sy = sec' 1 (a: + Sa), 
sec y = #, sec (y + Sy) = # + 8z, 

Sz = sec (y + Sy) - sec y 
cos y - cos (y + Sy) 
cos y . cos (y + Sy) 

M 2 sin -^ . sin f y + — 

I \ 2 ^ * - . 

f i = cos y . cos (y + 8y) 

\ Sy 2 cos y cos (y + S y) 

l Sz " ""~ Sy " . / Sy 

p sin — sin y+~ 

i ' 2 \ 2 

r 

dy _ (cos y) a 1 1 

dz sin y (sec y) a * sin y 

1 sec y 



► i 



L 



(sec y) 2 ' {(sec y) 2 - 1 }4 
1 



, die 

dy = 



#(*<-!>' 
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To find the Differential Coefficient of cosec' 1 x. 

44. y = cosec' 1 x r y + 8y = cosec -1 (x + &c), 

cosec y = x, cosec (y + Sy) = a: + &r, 
ox = cosec (y + Sy) - cosec y 

_ sin y - sin (y + 8y) 



sin y . sin (y + Sy) 

2 sin -* . cos ( y + -^ 

sin y . sin (y + Sy) ' 
Sy 
JL - _ 2 sin y sin (y + &y) 

<fy = _ (sin yf = _ l^ 1 

dx cos y (cosec yf ' cos y 



&* . Sy 

sm -£- cos 
2 



1 



cosec y 



(cosec yf ' {(cosec yf - 1 }* 
1 



^ *(**-!> 



Differentiation of Simple Functions of y with regard to x, 

y being a function of x. 

45. Let u =■ y w . Now, by Art. (19), 

du du dy 
dx dy ' dx' 

and, by Art. (30), — = my ml ; 

if 

hence, if u = y m , — = my ml -? . 

U2 
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Similarly it may be shewn that, 

du 1 



if u = log a y, 



if u = a y , 



if u = 



if # 



smy, 



cosy, 



if # = tan y. 



if # = cot j/i 



if w = sec y, 



if u = cosec y, 



if u = sin* 1 y, 



if u = cos' 1 y, 



if u = tan" 1 y, 



if u = cot" 1 y, 



if u = 



if w = 



sec 1 y, 



cosec' 1 y, 



__ ^. 

dx y log, a' dx' 

du , dy 

— - * a* . log, a . -*: 
dx 5 * da; 



d# 
d# 

d# 
dx 

du 
dx 



= cos y 



<fy. 



d& 



—- = - sin y 



<fy. 



d# 



(sec y)* . 



dx 



du , x2 dy 

— - = - (cosec y) . -/- : 
ax dx 



du 
dx 

du 
dx 

du 
dx 

du 
dx 

du 
dx 

du 
dx 

du 
dx 

du 
dx 



dy 
tan y . sec y . -j- : 

CLX 

dy 
cot y . cosec y . -- 



1 



dy 



• « • 



(i - y> * dx 



• ~ • 



1 + y' «fo 
1 «fy. 



• -. • 



1 + y 8 " dx 
1 rfy. 



• ■» • 



y (y 8 - i> <fc 

1 rfy 



• ■> * 



y(y a -l> da 



All these formulae the student must carefully commit to 
memory. 
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SECTION III. ILLUSTRATIVE EXAMPLES. 

45'. We shall devote this section to the exemplification of the 
principles which have been established in Sections (1) and (2). 
The illustrations here given are not numerous: in order to 
acquire a practical familiarity with the processes of differenti- 
ation, as well as with the application of the general theorems 
which we shall develop ia the subsequent pages of this work, 
it will be necessary for the student to have recourse to Peacock's 
or Gregory's Examples of the Differential Calculus. 

Ex. 1. Let y = sin a + sin ft + sin 7, a, ft, 7, not involving 
x ; then, the sum of the three sines being a constant quantity, 
we have, by Art (1 1), 

dx 
Ex. 2. Let y = x z + a 3 , 

a being a constant quantity; then, by Arts. (12) and (30), we have 

d l = 3s». 
dx 

Ex. 3. Let y = b log a x, 

a and b being constants ; then, by Arts. (13) and (31), we have 

^ = h 

dx x log, a ' 

Ex. 4. Let y = x* + a*, 

a being a constant; then, by Arts. (14), (30), and (32), 

Ex. 5. Let y = sin x . cos x; 

then, by Arts. (15), (33), (34), 

dy . d cos x d sin x 

-f- = sin x — h cos x — ; — 

dx dx dx 

«= sin x (- sin x) + cos x . cos x 

«= (cos xf - (sin xf. 
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tan x 



Ex. 6. Let y 



9 

X 



then, by Arts. (16) and (35), there is 

^L = I ( ^ tanx _ f dx 
dx x*\ dx dx 

= -^ {x (sec xj - tan x}. 

Ex. 7. Let y = «" . log a x.a* . sin a; . sin" 1 # ; 
then, by Arts. (17), (30), (31), (32), (33), (39), 

dy _d (#") d log a x d (a*) rf sin x d sin" 1 # 
y of 1 log a a: a* sin x sin" 1 # 

rarfa: dx , 7 dx dx 

+ + i g^ a dx + + 



x x log„ x log, a tan £ sin" 1 x (1 - # 2 )i " 

Ex. 8. Let it be proposed to find — in terms of x, having 

i dy 

given that 

y = sin x. 

By Art. (33), we have -^ = cos x, 

dx 

and,byArt.(18), ^.^. i: 

dx dy 

dx dx 

hence cos x . — - = 1, — = sec x. 

dy dy 

du 
Ex. 9. If u = y s , and y «= cot x ; let it be proposed to find — . 

dx 

We have, by Art. (30), j- « 3y 2 , 

and, by Art. (36), -^ = - (cosec a;) 2 : 

dx 

hence, by Art. (19), 

du du dy . , _ 

-j' = -y- . ^r " - 3 y (cosec a:) 2 = - 3 (cot #) 2 (cosec a:) 2 . 
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Ex. 10. Given 

u = sin z, z = sin y, y = sin z, 

W 

dz 



to find — . We have, by Art. (33), 



du dz dy 

— = cos z y — = cos y, ~ » cos a: : 

efo dy * dz 

but, by Art. (19), Cor. 

eft* _ dt* efe rfy 
d& dz dy dz* 

* du 

nence — = cos z cos y cos z. 

dz 

Ex. 11. Given 

u = sin (ay) + sin (/3s) + tan -1 (yz), 

y = sec #, 3 = cosec z> 

to find — - - . 
dz 

ByArt.(20), ^ = f*^ + ". 

dz ay dz dz dz 

By Arts. (14) and (45), 

du d (ay) 1 d (yz) 

-j- = cos (ay) . _Y— + > — to 

dy K * } dy 1 + (y^ rfy 

= a cos (ay) + r -l^: 

similarly g « cos 0.) + j-JL- . 

Also, by Arts. (37) and (38), 

dy . dz 

-j- = tan a: sec #, — = - cot z . cosec z. 
dz dz 

Hence we have 

5 = {° cos (oy) + r+^v} ten * 8ec * 



- < (i cos (/3z) + -— " ^ I cot a; cosec a;. 
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Ex. 12. Given that u = y**, 
and that y l - z, y a « a* y, « a?, 

to find -r~ . 
dx 

We hjive, by Art. (21), 

Du _ du dy l du dy % du rfy a 
dx dy x dx dy t dx dy z dx * 

But ~ - - . y *. y'%\ by Art. (30) : 

| r log. yi .^. y y%byArt.(32), 
= log, Vl . Vi . y -±. y **, by Art. (30); 

y% 

du 

3fc — - ■ dyi 

log. y. • y/*' 1 - log. y, • y/»> by Art. (32), 
log. y,- log. y,-y, yj . y,"-"'- 



= log. y, • y,**. ^^, by Art (32), 



fa = ir-y *-yt r ' 1+ 2 ^ lo g*yi-y s - ~ •y"" 4 3 ^ lo g*yi- lo g*ya-y2 fs -yi V4ys 



Hence 
Da 

^ya* 3 - y^- f \ + 2 ^ ^ Vx + 3 * a lo g, yi • lo & y») • 

Ex. 13. Given that 

u = (a* - a: 2 )* + sin y =» 0, 

to find / . 

But, by Art. (45), when we differentiate considering y. constant, 
= K«* - z") 4 . (- 2s) = - * (a' - a:')"*. 
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at du 

Also — = cos y. 

dy 

Hence we have 

- z(a* - «*)"* + cos y . -j- = 0, 

ax 

, dy x 

whence — — — . . # 

dx cos y (a 8 - x 2 )± ' 

Ex. 14. Given that u = x", 

6 being a function of x and y by virtue of the equation 

z = sin (a:y), 
let it be proposed to find 

du du du Du Du n 

By Art. (30), £ = yz.^: 

by Art. (45), -^ = log, x . a?". — f^ = s . log, x . a?", 

«y dy 

and -7- = log. x . a*". — |—- = y log,, a; . x*. 

dz dz * Ge 

Also, by Art. (45), 

dz , x dixy) , N 

— - cos (a:y) -A = y cos (ay), 

-- = cos (a;y) — V- 2 - = * cos fa;y). 
dy * J dy K y) 

But, by Art. (25), 

Du _ du du dz 
dx dx dz dx ' 

Du du .du dz 

dy dy dz dy " 

Hence we see that 

Du tiz 

— . = £- . a?* + y log, x . a^ 8 . y cos (#y) 

aa? a; 



= ya*». 



'* 



- +y log, a: . cos(a;y)^; 
x 
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^ = 2 log. x . x» + y log, x . x" . x cos (xy) 



Also 



= log, x . z**. {z -t xy cos (#y)}. 



Z)w = — dx + —— dy 
ax ay 

" y*^ 4 -* + y i°& * • cos (^y ) \ <& + i°g« * • « IB - {* + #y cos (#y)} ^y • 

Ex. 15. Given that 

u = sin (xy + yz + zx) = 0, 

to find — and — - . 
dx dy 

By Art. (45), 

du , d (xy + yz + 2#) 
--cos(*y + y» + «).- LJ! -^ 

= (y + *) cos (#y + y z + 3*0 : 

similarly -j- = (s + a:) cos (;ey + y^ -t- z#)> 

j- = (# + y) cos (xy + yz + zx). 
dz 

Hence, by the formulae of Art. (27), viz. 

du du dz _ 
dx dz dx 

du du dz 
dy dz dy 

we have y + z + (x + y) — = 0, 

» dx 

r \dz 

z + x + (# + y) -j- = ; 

«y 
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. dz y + z dz z + x 

whence -— -= - ^ , — = , 

dx x + y dy a + y 

or, transforming partial differential coefficients into differentials, 

j y + z j --J — ~~~~ z + x j 

dz = - - dz, dz = dy. 

x + y v x + y * 



( 44 ) 



CHAPTER III. 



SUCCESSIVE DIFFERENTIATION. 



Theory of the Independent Variable. 

46. Let <f> (x 9 y) = 0, where <}> (x 9 y) denotes any function of 
x and y whatever. When for x we substitute the successive 
values x + Sx 9 x + 2$x, x + sSx 9 . . . .let the corresponding values 
of y be y l9 y 2 , y 3 ,. . . .Then, Sy denoting the increment of y due 
to the increment Sx of x 9 we have 

y^y + Sy: 
hence, putting y + Sy for y and y 2 for y x in this equation, which 
corresponds to the change in the equation due to giving x 
another increment Sx 9 

y 2 = y + Sy+S(y + Sy), 
or, putting SSy = S 2 y, as an abbreviation of notation, 

y 3 = y + 2Sy •+ S 2 y. 
Similarly, a: receiving a third increment oV, 

y 3 = y + s y + 2 % + fy) + **Cy + fy) 

= y + 3Sy + 3S 2 y + S 3 y. 
Proceeding in the same way, we shall finally get, the law of the 
coefficients being evidently the same as in the binomial theorem, 

n ~ ?i(n - 1) M n -. - 

y* = y + y Sy + —pg— S'y + + - S» x y + S»y. 

Thus we see that as x keeps increasing by equal increments 8x, 
y generally increases by unequal increments : in fact the incre- 
ment of y, corresponding to an increment Sx of x 9 is Sy, and, for 
an increment nSx of x, it is not nSy 9 but 

n * n(n - I) M » ~ , - 

Y Sy + i 2 J &y +....+ y #* ty + Sy 
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The quantity x 9 which is supposed to increase by equal augments, 
is called the independent variable, while y, the increments of 
which are dependent upon those of x, and which are generally 
variable, is called the dependent variable. Such is the definition 
of an independent and a dependent variable in the calculus of 
finite differences. Suppose now the difference &r to be inde- 
finitely diminished, then we may replace 

&r, 8y, S 2 y, Sty, 

by the differentials 

dx 9 dy> <Py 9 rf 3 y, 

which are proportional to them. We may then say, to adapt 
our definitions to the differential calculus, that if y be a function 
of x y x will be the independent and y the dependent variable, 
if, while x varies, its differential dx remains constant: in ac- 
cordance with this definition not only y but also dy will 
generally vary with the variation of x. 

Ex. 4. Let y = sin x ; then, x being the independent variable, 

dy = cos z .dx: 

differentiating again, x and dy being variable, and dx constant, 

d % y = rf(cos x).dx 

= (- sin x . dx) . dx 

= - sin x . dx* 9 

where da?, for simplicity of writing, is put instead of (dx) 2 . 
Proceeding in the same way, we see that 

N 

d n y = (-)\ sin x . dx*, n being even ; 

d n y = (-) * . cos x . dx*, n being odd. 
These expressions may be written also thus : 

d*v — 

-?-z- = (-) a . cos X, n being odd. 

ax 

Ex. 2. Suppose that 

y = a + a x x + cr^ 8 + a 9 a? -f 4- a n x n , 
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a rational function of x of n dimensions : then, differentiating 
successively n times, we have, x being the independent variable, 

dy , _, 

-f = I. a. + 2.a„.x + 3. a., a: + + na a? 9 

dx * 



dx 2 
d*y = 



1.2.0, + 2.3.a 8 .# + + (»-!) na n a?~ 2 , 



1.2. 3. a 3 + + (n - 2) (rc - 1) wa x n ~ 3 , 






tt 



The differential coefficients of higher orders than the n th , viz. 

d n *y d n+2 y d n *y 
da**' do? +2 ' d^ 9 "" 
will all be zero. 

Ex. 3. To find the 11 th differential coefficient of -, . 

x - « 

p ut y = _L_, = J_(_! L. 

xr - or 2a\x- a x + a 



-^{(*-«r-(* + «r}. 



Then 






S = ( "i? - 1 - 2 - 3 *• {( * ~ aynl ~ (z+ a) '" ,} 

Change of the Independent Variable. 
47. Suppose that we have an equation 
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involving x, y, and successive differentials of y taken on the 
hypothesis that dx is constant. It is frequently desirable in 
researches in the differential calculus to transform this differen- 
tial equation into an equivalent one in which, instead of z, some 
quantity of which x is a function, shall be the independent 
variable. On the new hypothesis dx will no longer generally 
be constant. 

Suppose that y = f(x), and put 

f'(x) being another function of x : adopting the same notation, 
put 

and so on. The quantities f'(x)> f (z), f"{x)y are called 

the first, second, third,. .. .derived functions or derivatives of 
f(x)> and are certain algebraical expressions constituting the 
results of the operations upon the function f(x) designated by 
the differential coefficients 

df(z) d*f(z) d>f(z) 
dx ' ~W ' dx 3 ' " ' ' • 

Then, taking dy, d*y, d 3 y,. ... to represent the differentials of 
y on the hypothesis that dx is^ constant, and d'y, d' 3 y, d"y,. . . . 
its differentials, supposing dx to vary, we have 

dy =/'(*)• dx-) 
d'y=f(x).dxj V } ° 

d*y -/*(*) dx* 1 , v 

d n V =/'(*) dx*+f(x)d*xj w * 

d' 3 y =/"O0 dx 3 + 3f\x) dxd*x + /(*) d 3 xj' 

and so on to any order of differentiation. 

Now, by the aid of the relation subsisting between x and 6, 
dx, d'x, d 3 x,. . . . may be found in terms of and dO, and there- 
fore, from (I), (2), (3),. ... we can obtain dy, d*y, d 3 y,. ... in 
terms of d'y, d*y, d' 3 y. ... , 0, dQ. 
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From (1) we see that dy = d'y (4) : 

from (1) and (2) , d n y - d'y + ^1 d 2 x 9 

,, dx d' 2 y - d 2 xd'y ,„. 

d*y = ^r V- (5): 

from (l\ (2), (3), we may get also 

, s dx (dxd* y - d*xd'y) - Sd 2 x (dxd ' 2 y - d 2 xd'y) , . 
a y = ^ ... (6) : 

and so on for d*y 9 d 5 y, 

The second equations of the systems (1), (2), (3), may be 

written in a form which may serve to suggest to the memory 
that is the independent variable corresponding to the differen- 
tials d'y, d' 2 y 9 d'*y, of y, viz. 

%-f^% m. 

g -/» % * w> % % *m % «. 



If we substitute in the differential equation 

dy d 2 y 



*{-*>%■ 



2 • • • • 1 "" "> 



dx 

the values of dy d 2 y d*y 

dx ' dx 2 ' dx z 

that is, the values of f'(x) 9 f"(x), /"(#),. . . . 

obtained from the equations (7), (8), (9),. ... we shall have 
transformed the equation into an equivalent one 

dx d 2 x d'y d' 2 y 



f dx d i 

\ x ' y 'dd' m 



a y • • • > 



do' de" • • • ) - °» 
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{L3T d^3T 

or, eliminating x, 32 > jS"> by the aid of the relation 

du du 

between x and 0, 

Cor. Suppose that our object is to change the independent 
variable from x to y : then, by the formulae (4), (5), (6), con- 
sidering d'y constant, and therefore equating d"y, d' 9 y,. . . .to 
zero, we have 

_ ,. ,, d v d x 

dy = d'y, d % y - - y 



<*V 



dx 
- dxd*x<fy + 3 (d % xfd'y 



da? 
and so on. 

Ex. 1. Given (1 - a?) ^| - x -^ + »V = : 

cur oz 

to change the independent variable from x to 0, when a: = cos 0. 

In this case d'y =/'(#) <fo * -f( z ) sin c/0 ; 
differentiating again, considering tf0 constant, we have 
d n y = -f\x)dx sin 0d0 -/» cos %d& 
-/*(*) sin'OeW -/'(a:) cos 0rf0», 

and therefore the transformed equation is 

Ex. 2. To change the independent variable in 

(a + *? dl? + 3(a + * )f 3? + (a + ^ <fe + by " °' 

from # to 0, having given 

= log (a + x). 

E 
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v 

In this case 

d'y =/'0) dx =/'(*) Jd6, 
d"y -/"(*) dxe'dO +fXx)e>>d0 t 

=f\x)i'dV+f{x)<?dV, 
d*y =/*(*) dx(f»d0 t + 2f'{x) e"> dff> +/'(*) dx e e dP+fix) c« dP 

=/"'(*) e 5 * rffl 3 + 8f(«) e 2 * dP + /'(*) «• rffl 8 , 
d'*y , ^ d 3 y „ . s, rfty / •> <*y 

which reduces the proposed equation to the form 

d'"y , n 

Order of Partial Differentiations indifferent. 

48. The following is a theorem of great importance in suc- 
cessive differentiation : if 

then d n dyfi = d Vl d V2 u. 

For 6> = f(y x + 8^ , y 2 ) - /(y, , y 2 ), 

and therefore 

Sy 2 M = {fdti + *& > y 2 + *y 8 ) - /(yi > y a + $y 2 )} 

= f(y& iy x , y 2 + SyJ -/(y, , y 2 + 8y 2 ) -/(y 1+ 8y x , y,) 4/^ , y 2 ). 
In precisely the same way it may be shewn that 

KK u =fiyi+ fyi. y 2 + fyJ - f(y& hi > yJ-fbi » y 2 + *&)+/& > yd- 

The right-hand members of these last two equations being 
identical, we must have also 

This relation is true whatever be the magnitudes of Sy t and oy 2 : 
if we proceed to the limit, by taking 8y x and Sy 2 less than any 
assignable magnitudes, and replace infinitesimal differences by 
differentials, we get 

d^dyju = d Vl dv 2 u. 
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Expressing the theorem by partial differential coefficients instead 
of partial differentials, we have 

d Vz d Vx " d Vi d Vt ' 

or, as these partial differential coefficients are ordinarily ex- 
pressed for the sake of brevity, 

d 2 u d*u 



d V% d Vx dyJVt 
Cor. 1. By virtue of the theorem 

it is evident that the symbols d* l9 dy 2> of partial differentiation, 
may be permuted in every possible way : thus 

<P* x d» % u = d* x d* x dyju = d 9l dp 2 d^ x u = dp z d Vi d Pj u = d, t <Pv x u, 

or, in the language of partial differential coefficients, 

d*u _ d*u d*u 

d Vx d v% " d Vx d v% d Vx " d y % d Vx ' 

Cor. 2. The theorem which we have established in relation 
to partial differentiation of functions of two variables, may evi- 
dently be extended to the general case of a function of any 
number of variables : thus, in an expression 

^V 1 ^V 3 ^V 8 u, 

u being a function of y x , y % , y, , . . . the symbols d Vl , d Vi , d Vi ,. . . . 
may be permuted inter se in the same way as the symbols of 
quantity, A l9 A 2 , A s ,. . . .in an algebraical product 

•*-*-] • il„ • ■**o • • • • 

Ex. Let u =» y/« : then 
du ! 

d Vx 
d% u „-i i / \ «-i d (v*~ 1) 



**&* J1 --—- dy 



e2 
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Again -^ = log y x . y x w , 

dy 2 

^_ = I.y- + log(y 1 ).y 2 .^- 1 
dy x dy 2 y x 

= y x H ~ l + y* • lo s (yi) • y*' 1 - 

Thus we see that the results are the same for both orders of 
differentiation. 

Ex. 2. Let u = sin (ay). 

Then — = y cos (#y), 

a u 2 • / \ 

— = - y 2 sin (ay), 

= - 2y sin (ay) - xy 2 cos (ay> 



dydx 2 



du * n 

Also _ = y cos (xy), 

ax 



« cos (ay) - ay sin (ay), 



rfyriir 



rf 3 w 



- y sin (ay) - y sin (ay) - ay 2 cos (ay) 



dxdydx 

= - 2y sin (xy) - ay 2 cos (ay). 

Thus we see that 

d*u d*u 

dydx 2 ~~ dxdydx y 

or, in the language of differentials, 

dd 2 u = dddu. 

Successive Differentiation of an explicit Function of two 
Functions of a single Variable. 

49. Let u =f(y x , y 2 ), y x and y 8 being each of them a function 
of x : then, by Art. (20), 

Du^du^ dy^^du^ dy^ ^ 

dx dy x ° dx dy 2 ' dx ' " ' * 



SUCCESSIVE DIFFERENTIATION. 53 

Differentiating again, x being considered the independent 
variable, and observing that, for convenience of writing, we 
may put, V being any expression functional of x, 







DV 
dx 


_ D 
dx 


V 


Ifu 

dx 7 " 


dx [ 


(du 


dx ) 


L 

di 



we hare 

dx* 

= R (*\ ^. + *L P- ( *£] 
dx \dy l ) ' dx dy x ' dx \dx J 

D fdu\ dy 3 du D (dy t 

+ dx'\djj'dx~ t + fy/dx'\dx 

But, since y x and y 2 are functions of x only, and not of any 
functions of x, it follows that 

D dy x d dy x <Py x , D dy % d dy^ d 2 y 2t 

dx'dx~di'~dz dtf' dx'~di~di' dx da?' 

hence 
lTu D (du \ dy± Dfdu\ dy, du d 2 y x ^ du d*y 2 
dx 2 dx\dy x ) ' dx dx\dyj ' dx dy x dx % dy t * da? ' 

Now -=— is equivalent to a function of y. and y % only, not 

involving the differential dy x : thus, for instance, if u « y*y % % > 

du 
then — = tyi!/?* wner © fyi does not appear. It follows there- 

fore that in the expression 

£_(du\ 

fa \ d yJ 

we may regard dy x constant without affecting results. Hence, 

now occupying the place of u in (1), this formula gives 

dy x 

D I du\_ d ( du\ dy x d ( du\ dy 2 

dx \dyj ~ dy x \dy x J* dx dy 2 \dy x )' dx 

_ d 2 u dy x <Pu dy 2 
dy 2 ' dx dy 2 dy x dx 

d 2 u dy x d*u dy 2 
" dy{ ' dx dy~dy 2 ' dx ' 
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9 Similarly, we must have 

D I du\ _ d 2 u dy 2 d?u dy x 
<& \ d VJ ~dy?'dz* dy x dy 2 ' dz ' 

Hence we obtain 

L?u d 2 u dy 2 d?u dy x dy 2 d 2 u dy 2 

da? dy 2 ' dz 2 dy x dy % dz' dz dy 2 ' do? 

du d?y x du <Py 2 

dy l ' da? dy 2 " da? * 
or 

r» d %u * % « &u j j d 2 u , 2 du r» du n 
Iru=— % . dy 2 + 2 — — . dy x .dy 2 + _ . dy 2 + — . d 2 y l i- -y-.tfty,. 

dy 2 dy x dy 2 * 2 dy* dy, * l dy % 

We might proceed in the same way to find the expressions 
for L?u, IPu,. .....; the formulae however rapidly rise into 

tedious polynomials. We have confined our attention to the 
successive differentiation of a function of two functions; the 
extension however of the theory to a function of any number 
of functions is too obvious to present any difficulty to the 
student. Thus, supposing that 

the student will easily find that 

ITu^dPu dyl d^u dyl d 2 u dy 2 
da? dy 2 ' da? dy 2 ' dz 2 dy 2 ' dz 2 

dy 2 dy z ' dz ' dz dy 3 dyi ' dz' dz dy x dy 2 dz dz 

du d 2 y x du d 2 y 2 du d 2 y z 
dy x da? dy 2 da? dy z ' dz 2 

Ex. Let u = sin (y x + yj, y x = z, y 3 = a?. 

Then 

du , N du , v 

— = cos (y x + y 2 ), — « cos (y l + yj, 

dy x dy 2 



'2 



(Pu . , x d?u . / N d 2 u . , x 

^.--■mOr.+jrJ,^-^ — «.(jr l + y i ).^--«ii(y 1 + sr I ): 
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hence 

But dy x = dx, d i y 1 - 0, 

dy 2 = 2xdx, d*y % = 2da? : 
hence 

L?u = - sin (a; + a?) . (efe* + 4a: da? + 4a? do?) + 2 cos (a; + a?) <fa*, 
■^-j = - sin (x + ar) . (1 + 4x + 4ar) + 2 cos (a? + a?). 

We might of course have obtained this result by first giving 
y x and y 2 their values in the expression for u and then differen- 
tiating : thus 

u = sin (x + a?\ 

Du 



dx 
Ifu 



= cos (x + a?) . (1 + 2a:), 

= - sin (x + a?) . ( I + 2a;) 1 + 2 cos (x + afy 



We may remark that, when u is expressed entirely in x f as 
in the latter method of differentiating u, the expressions 

du d 2 u 

dx 9 da? 9 
are equivalent to 

Du D t u t 

dx ' da? 9 

whereas, when we put 

u = sin (y, + yj, 

— , and -^ , are both zero, being in fact the first and second 
dx da? 

partial differential coefficients of u with respect to x y a letter not 
appearing in sin (y l + y 2 ). 



Successive Differentiation of an implicit Function of a single 

Variable. 

50. Suppose that v = <f> (x, y) = 0, 
y being thus an implicit function of x. 
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By Art (22), we have 

Dv dv dv dy , . 

dx dx dydx 

Differentiating again, x being considered the independent 
variable, we have, — now taking the place of v, 

(IX 



Iff) D (dv 



fdv\ D_fdv\ dy (h Ilfdy 
\dx) dx \dy) * dx dy dx \dx t 



da? dx\dx 
But, by Art. (21), Cor. 

D^(dv\^ d_(<^\ d_(dv\dy 
dx\dx) dx\dx) dy\dxj dx 

_ d?v d?v dy 
da? dydx ' dx 

d*v d?v dy 



= 0. 



and 



dx \dy) dx \dy) dy \dyj dx 



d 2 v d 2 v dy 



dxdy dy 2 dx' 

Also ?■(¥)-% 

dx \dxj dx* 

-rr e ^0 _ d 2 v d?v dy d?v dy 2 dv d?y ( . 

dx 2 da? dxdy ' dx dy* da? dy da? * * * * ' 

or " L?v ^ ~-da? + 2 - r - — . dxdy + -^-r dtf + -r- . d 2 y. 

da? dxdy * dy 2 * dy y 

From (1) we may get -j- in terms of the first order of partial 

€mX 

differential coefficients of t>, and therefore, from (2), we may 

get -~ in terms of the first and second order of these coeffi- 
dx 

cients. The partial differential coefficients of v may be obtained 

in terms of x and y : hence -~ , -^ , may be found in terms 

dx da? 

of these two letters. We might proceed in the same way, by 
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successive differentiation, to determine the third, fourth, fifth, 
&c. differential coefficients of y. The principles of this article 
the student will have no difficulty in extending to the succes- 
sive differentiation of the system of equations considered in 

Art. (23). 

Successive Toted Differentials. 

51. Let u =y (y p y^)> y, and y, being independent variables : 

then, by Art. (24), 

Du = d 9l u + dpju (1). 

Differentiating again we have 

l?u « Ddy x u + Dd^u (2). 

But, d Vl u being a function of y v y a , and a constant dy xi we 
have, by virtue of (1), dy x u occupying the place of w, 

Dd* x u = d n d V] u + a\ 2 d fi u 
= d* Vx u + d^diju. 
Similarly Ddpju = d\u + dy x dy % u. 

Hence, from (2), Ifu = d\u + 2d Vx d H u + d\u. 

Proceeding in the same way, we easily see that 

Ifu » <Pv x u + 3 d\dv % u + 3 d ¥l d\u + d\u 9 

and so on, the law of the symbols of differentiation correspond- 
ing to the development of the binomial theorem : thus 

71 ft (fl — 1 ^ 

UTu = d\u + - d y * l dyju+ J dvf' 2 d** 2 u + . . .+ ndy x dy 2 nl u + dy*u. 

This relation may be expressed symbolically, thus : 

D*u = (d ¥l + dy^) n u. 

Cor. If u =f{y l9 y 2 , y^^y^f it may be proved in a similar 
way, viz. by induction, that 

D*u = (dp x + dy 2 + dy z + + dy m ) n u. 

We may however establish this proposition by the following 
reasoning. By Art. (24), 
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which shews that the symbol of operation D is equal to the sum 
of the operative- symbols d yl , d vv dy 3 ,. . . .d ; hence 

Ifu = D (d H + d H + dy z + . . . .+ d m ) u 

= (d Vl + A a + dy z +'»dy m ) (a\ x + dy % \ d\ +...+ d,J u...(3). 

But the symbols dy v dv 2 , dy 3 , . , . . d Vm , are subject inter se to 
all the laws of combination which belong to symbols of quantity: 
thus for instance 

dy x d* % = dy 2 dy x , dy x dy x = d* ¥l , dv x + dv % = dy 2 + dv x ; 

hence the product of the operative polynomials in (3) is equi- 
valent to 

(dy x 4 dy 2 + dy 3 +. . . .+ dyjfl 

proceeding successively to the higher orders to total differentials, 
we get the general formula 

ITu = (dy x + d v% + dy 3 +. . . .+ dyj> u. 

Successive Differentiation of an explicit Function of three 
Variables one of which is a Function of the other two, 

52. Suppose that u -f (x, y, z)> 

z being a function of x and y, two independent variables. Then, 

by Art. (25), 

Du ^du du dz ( 

\dx dx dz' dx 

Du _du du dz 
dy dy dz dy 

Differentiating (1) with regard to x, we have 

^ = &(<fa\ D fdu\ dz duD/dz\ 

dx 2 dx \dx) dx \dz) ' dx dz dx \dx) ' % 

But, -5- being a function of x, y, z, we have, by virtue of (I), 

putting -7- in place of u, 

D (du\ = d*u jPu^ dz. 
dx \dx) da? dzdx ' dx ' 

similarly i> (^ „ — + — d * 

' dx\dz dxdz dz* dx' 
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Also, since z is a function of x and y alone, and since the 

expression 

D fdz\ 

dz \dz) ' 

dz 
denotes the total differential coefficient of — , a function of z 

dz 

dz 
and y, only so far as the variation of — is affected by the varia- 

dx 

tion of z when y remains constant, it is plain that 

D fdz\ __ tfz 

dz \dz) dz 2 * 

d 2 z 
where — is the second partial differential coefficient of z with 

regard to z. 

Hence, from (3), 

IPu (Pu _ (Pu dz (Pu dz* du d % z 
dz % dz 2 dzdz dz dz* dz 2 dz dz 2 ' 

In like manner, from (2) there is 

IPu (Pu ^ (Pu dz d*u dz 2 du cPz 

. _. i. 2 _____ — -i- — -I- __ ___ 

dy 2 dy 2 dydz dy dz 2 dy 2 dz dy 2 ' 
Again, from (2), 

_____ = __? f __A _? (___\ __ _? __ (*L 
dzdy dx \dy) dz \dz ) ' dy dz' dz \dy d 

But, from (1), putting — , — , successively for u, 

dy dz 

D I du\ _ (Pu d 2 u dz 
dz \dy) dzdy dzdy ' dz* 

D (du\__ d 2 u d 2 u dz 
dz\dz J dzdz dz 2 dz 
hence 

Ifu (Pu (Pu dz (Pu dz (Pu dz dz du (Pz 
dzdy dzdy dydz ' dz dzdz ' dy dz 2 ' dz' dy dz ' dzdy 

We have therefore determined formulas for the values of 

&U &U l?u 

_______ • 

dz 2 ' dzdy ' dy 2 ' 
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we might proceed to find the differential coefficients of higher 
orders by a continuation of precisely the same kind of processes. 

Cor. Suppose that u -f(x, y y z) = 0, 

there being no other equation connecting x and y : z will thus be 
a function of x and y. Then, from the equations of Art. (27), 

Du du du dz 

Du du du dz 
dj-dy*TzTy- > 

we shall obtain, by the simple repetition of the preceding 
reasonings, 

D*u __ d?u d?u dz d?u dz 2 du d 2 z _ 

da? da? dxdz ' dx dz 2 ' da? dz * da? 

D*u d?u d?u dz d?u dz 2 du d 2 z _ 
dy 1 dy* dydz ' dy dz 2 ' dtf dz * dy 2 

D*u d*u dru dz d?u dz d?u dz dz du d?z 

— + . + + + a- 0. 

dxdy dxdy dydz dx dxdz dy ds? dx dy dz dxdy 
From these five equations we can determine 

dz dz d 2 z d 2 z d 2 z 
dx 9 dy y da? ' dxdy ' dy 2 ' 

the partial differential coefficients of the implicit function z, in 
terms of the partial differential coefficients of u, and therefore 
in terms of the variables x, y, z. 

Change of Variables. 

53. Let it be proposed to change the variables of an equation 

dy d?y <fy 



/(*> yy 



dx' da? y da?'"" '~° (l) 

from x and y into two variables s and t y t being, in the trans- 
formed equation, and x in the proposed equation, the inde- 
pendent variable. We suppose 8 and t to be connected with 
x and y, which by virtue of the equation (1) are functional of 
each other, by two equations 

<£0>y> s > = 

yfr(z, y, s, t) = 
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Differentiating these equations successively n times each, 

d n v 
supposing —-^ to be the differential coefficient of highest order 
dz* 

in (1), and regarding x, y, s 9 as implicit functions of t, we shall 

get 2n equations which we will denote by 

0' = 0, +'- 0, 

*' = 0, ^*-0, 

*'=0, *" = 0, 



<fr = o, y = o. 

From these equations, in conjunction with the equations (2), 
we may obtain expressions for the 2n + 2 quantities 

dx d % z d*z d*z d'y d n y d' z y d'*y 

Xy dt 9 tf 9 d?'""dr 9 y 'H 9 ~dF' He 9 '" dr ' 

. . r . ds d*8 d*8 d n 8 

in terms ot s» t» — — • ■ « .. - .... — . 

' ' dt 9 de 9 de 9 dr 

But, by Art. (47), we are enabled to obtain expressions for 

dy dhj cPy fry 

dx 9 ■ dz %9 da? 9 " dx* 9 
in terms of 

dx <£x (Pz d^z * djy d^y d^y d^y 

dt 9 de 9 de 9 "' dr 9 dt 9 dt 29 de 9 '" dr ' 

Hence we are able to obtain expressions for y and its n 
differential coefficients with regard to x, in terms of 8, t, and the 
n differential coefficients of s with regard to t. The equation (1) 
may therefore be transformed by substitution into an equivalent 

° ne jpf ds d * s d * 8 d "*\-n 

- # V 9 9 It 9 dt 9 ~df 9 '" dr)~ 

Transformation of one system of independent Variables into 

another. 

54. Let z be a function of two independent variables z 
and y. We propose to express the partial differential coef- 
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ficients of z, taken with regard to x and y, in terms of those 
of another function r, taken with regard to two other inde- 
pendent variables and <f>. The six variables x> y, z, r, 0, <f>, 
are supposed to be connected together by three equations 

F(x,y,z,0,<f>,r)=O j 

* , ,(*,y,*,M,r)-o f .... 0). 

F 2 (x,y,z,0,<l>,r) = O J 

any four of the six variables, since z is by the supposition some 
function of x and y, being thus functions of the two remaining 
ones, which will be entirely arbitrary. 

It is evident that r may be regarded either as a function 
of x and y alone, or as a function of and <f> alone, and <f> 
being in the latter case regarded each of them as a function 
of x and y alone. Hence we see that, first considering y 
and next x as constant, 

dr dr d0 dr. dd> 1 

— = — . 1- — . — - 

dx dd dx dd> dx 



dr dr d0 dr d<f> 
dy d0 " dy d<$ ' dy > 



(2), 



dr dr d0 d0 , d<b d<b , -„ " . . lva . . , 

--,-—; -r- , -7- ; and -~ 9 —-■ ; benjg the partial differential 
dx dy dx dy dx dy *: * 

coeflicients of r, 0> and <f>, with regard to x and y, when 

r, 0, and <f>, are expressed entirely in terms of x and y; 

dr dr 

—^ , — , being the partial differential coeflicients of r, with 

dd dip 

regard to and <f>, when r is expressed entirely in terms of 

and <f>. 

Again, from the equations (1), we have, y being considered 
constant, 

DF dF d0 dF dd> dF dr dF dF dz \ - 

= — — + — __r + — — + — + — — = o % <*-. 

dx d0 dx dd> dx dr dx dx dz dx ^ * 

DR dF x d$ dF.dd> dRdr dF. dF. dz I '\ • 
dx d0 dx d(f> dx dr dx dx dz dx { " 



DT\^dF\d0 dF^dq. dF 2 dr dF 2 dj\ dz ^ 
dx d0 dx d<f> dx dr dx dx dz dx 
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Considering x constant, we have from (1), 

£F^dFd0 dF d$ dF dr dF dFdz^^^ 
dy dd dy d<f> dy dr dy dy dz dy 

DF.^dF^dO dF^dJ, dF\<fr ^ + ^^ s=0 \ (4) 
dy dd dy d<f> dy dr dy dy dz dy ' 

DF 2 dF 2 d0 dF a dd> dF, dr dF t dF 2 dz A 

9 = * 1 * __L + 3 4 ! + 3 — =0 

dy dd dy d<f> dy dr dy dy dz dy 

From the former of the equations (2) combined with (3), we 

may determine 

dd d<f> dr dz 

di' ^' ^' dx' 

. , - dr dr 

in terms of - Q> --: 

and, from the latter of equations (2) combined with (4), we 

may find dd d<j> df^ dz_ 

dy* dy 9 dy 9 dy 9 

, . ^ * dr dr 

also m terms of -^ , — . 

dd 9 d<j> 
The above conclusions enable us to transform an equation 

into an equivalent one 

'■(****•$)"•_ 

Proceeding to the second order of partial differentiation we 
shall have, from (2), expressions for 

d 2 r d*r d 2 r 
dx 2 9 dx dy 9 dy 2 9 

dr dr d 2 r d 2 r d*r 



in terms of 



dd d(f> dff* dd d<f> d(f> 2 

dd dd <Pd cFd (P0 

dx 9 dy 9 dx 2 9 dx dy 9 dy 2 9 

cty d4_ d\j> d 2 <f> <£$ 

dx 9 dy 9 dx 2 9 dx dy 9 dy 2 9 



64 



SUCCESSIVE DIFFERENTIATION. 



From (3) and (4) we shall have nine equations, 



IFF 

da? 

&F 

dx dy 

JPF 



= 0, 



= 0, 



= 0, 



&F. 



dx 



VF. 



J = °> 



D*F 

»= 0, 

da? 



dx dy 
dy* 



i = 0, 



&F. 



o, 



dx dy 

vf, 

dy* 



2 = 0, 



involving 



<fe efe d 2 z d 2 z d 2 z 
dx 9 dy 9 da? ' dx dy' dy % ' 

dr dr d*r d 2 r d 2 r 



0, 



• • • • 



(5), 



dx dy' dy 19 

d 2 6 ffl 

dx dy 9 dy 2 9 



dx ' dy* da? 

<W d0 <P0 
dx 9 dy 9 do? 

d<j> d<j> (£$ <?<!> d 2 <f> 
dx* dy 9 da? 9 dx dy 9 dy* * 

d 2 r d 2 r d 2 r 



CL ¥ ft 7* CL f 

The three equations for -^ , — , -^ , obtained from (2), 

together with the equations (5), twelve equations in all, will 
enable us to express the quantities 

<Pz d?z d*z 
da? 9 dx dy 9 d%f 9 

d*r d?r t£r 
da? 9 dx dy 9 d%f 9 

dV d 2 d 2 
da? 9 dx dy 9 

d 2 4> d?<t> 



dy 2 
(P(f> 



in terms of -^ 



and 



da? 9 dx dy 9 dy 1 

dr^ rfV cTr^ <Pr 

d<f> 9 dP 9 d0d(f> 9 d<t> 29 

dz dz dr dr dO dO d$> d<f> 

dx 9 dy 9 dx 9 dy 9 dx 9 dy 9 dx 9 dy 9 



dr 
dd 



SUCCESSIVE DIFFERENTIATION. 65 

the last eight of these quantities being, as we have before 
shewn, expressible in terms of 

dr dr 
d0 9 d$' 

From the above conclusions we are enabled to transform 
An equation 

ff dz dz d x z d 2 z d* z \_ n 

J \ X ' V '*'dx~' Ty' dx 1 ' dTdy' dtf)~ ' 

into an equivalent one 

f(a A dr dr d%r d * r d * r \ 

^["'V'*' M' W W dFdj' Ipr 

We might proceed, by a continuation of the process of suc- 
cessive differentiation, to the transformation of partial differential 
equations in z> y, z y of any order whatever to equivalent ones 
in 0, <f>, r. It is easily seen also that the same method of 
transformation may be extended to differential equations involv- 
ing any number of independent variables whatever. 

Ex. Transform the differential equation 

d 2 z d % z _ 
dx 2 + dx? " ' 

where x and y are the independent variables, into one in which 
and <f> shall be independent variables, having given that 

x = r cos 0, y = r sin 0. 
We have, considering y constant, 



dz dz d0 dz dr 
dx d0 dx dr dx' 



But, since 



there is 



and 



** + 


y 1 


-* 


and 


X 


tan 6, 






dr = 
dx 


x ~ 

- = C08 0, 

r 




de 

dx 


sec 


2 = 


y 


d0 _ 
dx 


. y. 

r 2 ' 



F 
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, dz y dz n dz 

hence t- = - **- -jh + co * * t > 

dz r dO dr 

drz y ld 2 z dd d 2 z dr\ 2y dr dz 
dx 2 ~~ 7\W Tx + drd6 dx) + '? Tx~d0 

• e — — e [ ^ z — — — 

dx dr \d0 dr dx dr 9 dx 4 

\y ( d 2 z y d % z \ 2y cos dz 

"r 2 ^^ ? + CO *°d^d0) + ~-? r ~ dd 

y sin dz n ( y d 2 z A d?z y 

_ sin 2 6 d 2 z 2 sin cos d 2 z 2 sin cos dz 
~~7~~ d& r dFd0* ? J0 

sin 2 dz . n d 2 z 

r dr dr 

d 2 z 
Putting £tt - for 0, the expression for — will be changed 

dx 
d 2 z 
into that for —z : hence 

dx? 

d 2 z _ cos 2 d 2 z 2 sin cos d 2 z 2 sin cos dz 
^"""T 2 "" o^* r Wd0 ? d0 

cos 2 dz • 2 * d 2 z 

+ T + sm * X* ' 

r or air 

and therefore 

d 2 * rf 2 * 1 d 2 z 1 <fe tf 2 * 



cfe 2 dtf r 2 rf0» r rfr tfV 



= 0. 
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CHAPTER IV. 



ELIMINATION OF CONSTANTS AND FUNCTIONS. 



Elimination of Constants. 

55. Let the equation w = (1) 

involve n constants together with two variables x and y \f we 
differentiate this equation successively n times, we shall obtain 
n differential equations 

involving the n constants, the variables x, y, and the 2n dif- 
ferentials ^ d * x> d ^ d « Xy 

dy, d 2 y> d*y, d n y. 

If we suppose dx to be constant, then d 2 x, <Px. . . , d*x, will 
disappear from the equations. We shall thus have »tl equa- 
tions involving n constants ; and therefore, eliminating the con- 
stants, we shall arrive at a differential equation of the n th order 
in regard to the differentials of x and y, or, if x be the inde- 
pendent variable, of the /1 th order in regard to the differentials 
of y. 

Ex. Let (x - a) 2 + (y - bf = c\ 

a, by c, being constants : then 

(x - a) dx + (y - b) dy = 0, 

(x - a) d 2 x + (y - b) d 2 y + dx 2 + dy 2 = 0, 

(x - a) d*x + (y -b) d*y + Sdx d 2 x + Zdy d 2 y = 0. 

From the first two of these differential equations there is 

_ dy (da? + dy 2 ) _ _ dx (dy 2 4 dx 2 ) 

dx d 2 y -dyd'x 9 dyd 2 x- dx d l y ' 

f2 
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and therefore, from the third, 

(da?+dy z )(d*zdy-dzd*y)+3(dzd 2 z+dyd 2 y)(dzd 2 y-d 2 zdy)=0. 
If z be taken as the independent variable, 

d 2 z = 0, d*z = 0, 
and the result is reduced to 

- {da? + rfy 2 ) dz d*y + Sdzdy (<Py) 2 = 0, 



or 



( 1 + ^)^" 8 ^(^J~ 0, 



We may also express the constants a, b> c, in terms of the 
second differentials of the variables. In fact 

dy (da? + dy 1 ) , _ dz (dy* + d a?) 
dzd 2 y-dyd 2 z' dycPz-dztPy' 

and , m .<4*±*it 



t~\2 * 



(dzd 2 y-dyd 2 z) 



Partial elimination of the Constants. 

56. Instead of differentiating the equation 

w=0 (1) 

n times, suppose that we differentiate it successively only m times, 
m being some number less than n. Then we shall have m + 1 
equations involving n constants: we may between these equa- 
tions eliminate m constants, and shall thus obtain an equation 
of the mP order of differentials containing n - m arbitrary con- 
stants. Since the m constants which we eliminate may be 
chosen arbitrary, it is evident that we may form as many equa- 
tions of the order m, containing n - m constants, as there are 
combinations of n things taken m at a time : we may therefore 
obtain of such equations a number 

n (n - 1) (n - 2). . . .(n - fti+ 1) 
1.2.3. ...m 

If we differentiate any one of these differential equations n - m 
times in succession, we shall have altogether n - m + 1 differen- 
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tial equations involving n - m constants. By the elimination of 
these n - m constants we shall arrive at a differential equation 
of the n** 1 order. It is important to remark that this final 
differential equation will always coincide identically with that 
obtained by the process of Art. (55). That such must be the 
case will be evident when it is considered that neither method 
of elimination involves any limitation of the generality of the 
variables and their differentials, and that accordingly the results 
must in both cases be perfectly general. 

Ex. Let (s- a) 2 + (y- £)* = <>*: 

then (x - a) dx + (y - b) dy = (1), 

(x - a) d 2 x + (y - b) d*y + da? + dy* = .... (2). 

Eliminating a between (1) and (2), we have 

(y - b) (dxd?y - (Pxdy) + dx (da? + dy*) = 0. . . .(3). 

Differentiating (3), we have 

(y - b) (dxcPy - cPxdy) + dy (dxcPy - (Pxdy) + (Px (da? + dy*) 

+ 2dx (dxcPx -f dycPy) = 0, 

or (y - b) (dxd?y - (Pxdy) + 3dx (dxd?x + dycPy) = 0. .(4). 

Eliminating b between (3) and (4), we get 

(da? + dy*) ((Pxdy - dxd*y) + 3 (dxd?x + dy<Py) (dxcPy - (Pxdy) = 0, 

a result coinciding with that obtained by the method of 
Art. (55). 

Elimination of irrational, logarithmic, exponential, and circular 

Functions ofknoum Functions. 

57. Let u =f(x, y, c x , c % , c 3 , cj = 

be an equation between two variables x and y ; where c,, c 2 , c 3 , 
. .. .c n , are n irrational, logarithmic, exponential, or circular 
functions of s l9 s 2 , $ 3 ,. . . .s n , respectively, s x ,s 2 , s z ,. . . .s h , being 
" known functions of x and y. If we differentiate this equation 
successively n times, we shall obtain n differential equations 

i)w=0, 2) 2 w = 0, 27^ = 0, 2)^=0, 
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involving the differentials of x and y up to the n* order, together 
with the n n expressions 



dc x 

ds x 9 


<Pc x 

day 


d?c x 

dsy 


d*c x 

* • -» 


dc 2 
ds 2 ' 


d*c 2 
day 


d*c 2 

ds; - * 


d*c t 


dc 3 


<fc^ 


<Fc 3 


d"c 3 



ds z * dsy d S y"" ds; 



dc n d t c n <fc n d"c n 

d? n ' df' df""" &:' 

Now the first rank of these expressions can be expressed in 
terms of c J9 the second in terms of c 2 , the third in terms of c 3 , 
and so on : hence we shall have, in all, n + 1 equations containing 
the n functions c l9 c 2 > c 3 ,. . . ,c w . "We may therefore eliminate 
these functions, and shall thus arrive at a differential equation 
of the rfi 1 order in x and y. 

Ex. 1. To eliminate the functions 



from the equation 



:■ '• ; *• 



X\ m IX 



»■': + i' ( "' 



where m and n may be supposed to denote any numerical 
fractions. 

Differentiating (1) we obtain, dx being considered constant, 

dy m _ . n ... 
-r"* — x ml + — af 1 , 
dx a m a m 



<Py m m(m- 1) ^ 2 + n(n- 1) ^ 
efo 2 a m a" 



■2. 



whence x -^ - m(-\ + w ( - ) (2), 

^g-«(«-i)g)" + »(-i)(5)"....(»> 



r 
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From (1) and (2) we have 

also, from (1) and (3), 

n(n-l) y -*&-{n(n-l)-m(m-l)}& 

= (n - m)(m + n - 1) f - J : 
from these last two equations we get 

.«->.-'S-o.*.->(<»-.J). 

or mny - (m + n - 1) x -f- + x % -f- = 0, 

ax ax* 

a differential equation of the second order. 

Ex. 2. To eliminate log x from the equation 

y = x log z. 
Differentiating, we have 

whence x ~- - x log # + # = y + #. 

or 

Ex. 3. To eliminate sin (x + y) from the equation 

y = sin (# + y). 

Putting -^ = y', for the sake of brevity, we get, by differen- 
ce 

tiation, y = cos (x + y) . (1 + y), 

(T f^ = COS' (* + j,). 

But, from the proposed equation, 

y 2 =» sin 2 (x + y) : 



hence ^ (7^7/" *' 

y' (i + y? + y" = (i + yJ- 



1 
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Ex. 4. To eliminate the exponential functions from the 
equation ^ + be -, =s y (f+ ge -. 

Differentiating we get 

(ae* - be-*) y -ff - ge", 
(ae* - be-*) y +(ae* + be-*) y" =fif + ge'; 
whence (fe* - ge") y + y* (J<f + ge-) = y' (fe* + ge') ... (1> 

Differentiating (1), 
(fe 1 + ge') y' + (fe'- ge") y'" + 3yY (fif + ge") + y" (fir - ge') 

= (/C - ge") y' + (/C + ge") y\ 
or 3y y (/• + yO = (y' - y" - y'") (/e* - y^) : 

but, from(l), 

y" (fir - ge") = (y' - y") U* + yO : 

multiplying together these last two equations, we get 

3yV = (i - y") (y* - y* - y'"> 



Elimination of an arbitrary Function of a known Function. 

58. Suppose that u = <f>(v), 

where u, v, are known functions of three variables x, y> z, and 
<f> (v) a perfectly arbitrary function of v. 

Differentiating this equation, first with regard to x and next 
with regard to y, we have 

, ^, - Du Dv Du Dv 

and therefore -r— . -^ = — — . — - , 

ax ay ay ax 

(du du dz\ (dv dv dz 
01 \di + dzTx)\dy- + Tz Ty, 



_ du du dz\ /dv dv dz 
~ [ dy + Tz Ty)\Tx + Tz dx)' 
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,'du dv du dv\ dz (dv **<* ™ *»•• * <•* 
jlz ' dy dy * dz) ' dz \dz 



dv du dv du\ dz 
dz dz' dz) dy 

du dv du dv 
dy * dz dz ' dy' 

Thus we see that, although the equation u = <j> (v) varies in an 
infinite number of ways, with the variation in the form of the 
function <f> (v) of v, yet that all this family of equations possesses 
one common partial differential equation. 

Ex. Eliminate the arbitrary function from the equation 

z - c 



y-b 



♦GH> 



Differentiating, first with regard to z and then with regard 
to y, we have 

1 dz _ .,/ z -c \ D f z - c y 
y - b' dz \z- a)' dz\z- a t 

= *'(H)-(^- {(x - o) |- (z - c)} ' 

(y - bj lvy dy '* Y \x-aj x-a dy 

Eliminating <f>' ( J between these two equations, we see 

that 

x-a dz dz 1 (, ,. dz , ,1 f, . dz , .1 



whence (z - a) ^ + (y - b) -£ = s - c. 

59. If the arbitrary function ^ (0) involves y only, then it is 
sufficient to differentiate with respect to z : in fact 

Du ^ du du dz 

lfc = °' * die* dz Tx = °> 
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the arbitrary function being thus eliminated by one differen- 
tiation. 

Ex. Let z = xy <f> (y), whence 

z - = y<t>(y)> 

x 



1 / dz \ dz 

x \ ax ) ax 



then i ( # — — z )-®9 or x — = z. 



Elimination of any number of arbitrary Functions of known 

Functions. 

60. Let there be an equation 

u =/ {*. y> *> *i ( c i)> 4> 9 CO> 4>z ( c *)> m (O) = °f 

involving m arbitrary functions 

where c l9 c a , c 8 , c m , are all known functions of x, y, z. 

If we differentiate the proposed equation n times we shall 
have, in all, the following equations, 

u = 0, 

— -0 — - 

cfo ' dy 

j^u i?u ^ d 2 ^ 

dz 3 ' c&ftfy ' eforfy 8 ' dy 8 



^ _D^ Z>*tt UTu LTu #X n 

efof " 'd^dy* 'dx»- 2 dy*~ '''^Vy" 2 '^dp 1 ' ' ^ " 

the number of which is 

1 + 2 + 3 + + (n + 1) = $ (» + 1) (i» + 2). 
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These equations will involve the following functions, 
&0i)> &O2X </> s (^ <t> m ( c m l 

ti(p& <«<g, &'(<g, wo, 

tf(<0> &"«>, <fc"(<g> <t>:ic m \ 

*iX«i), &■ (<0, <fc H (<g> *."(0. 

the number of which is m (n + 1). We have therefore m (n + 1) 
functions and | (n + 1) (n + 2) equations : in order to eliminate 
these functions it is sufficient that 

I (n + 1) (n + 2) > m (n + 1), 
w + 2 > 2m, 
w > 2m - 2, 
or n = 2m - 1 . 

The number of quantities to be eliminated will therefore be 

m (n + 1)= 2m*; 
and the number of equations involving them 

£ (n + 1) (» + 2) = 1 . 2m (2m + 1) = 2m a + m : 

we shall therefore arrive at, as the result of our elimination, 
m partial differential equations between the variables x, y, z, 
of the order 2m - 1. 

If m = 1 , then 2m - 1 = 1 ; if m = 2, then 2m - 1 = 3 ; if m = 3, 
then 2m - 1 = 5, and so on. That is, if there be one arbitrary 
function in the proposed equation, there will be one final equa- 
tion of the first order ; if two functions, two final equations of 
the third order ; if three functions, three final equations of the 
fifth order, and so on. 

This is the general theory of such eliminations : it frequently 
happens however, for particular forms of the proposed equation, 
that the elimination may be effected without proceeding to so 
high an order of differentiation, and arriving at so many final 
equations, as would be implied by these general considerations. 
So that we must consider the general theory as defining the 
number of sufficient, but not in all cases the number of neces- 
sary differentiations. 
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Ex. 1. Eliminate the arbitrary functions from the equation 

z -= x 4>(z) + y #(*). 

Putting ^ -♦,(*), ^-»«, 

z z 

we have 1 = x^(z) + yxJi z ) : 

dz 
hence = {*&'(*) + VxX z )} ^ + £/*)> 

o - {*&'(*) + yx/C*)} ^ + x«W : 

and therefore, putting <f>{z) «= ^(s) .f(z) 9 

differentiating this equation, first with regard to x and next 
with regard to y, we get 

cf 2 3 dz dz <Pz ~ ( . dz fdzY 
da? * dy dx' dxdy dx " \dy/ ' 

d 9 z dz _dz^ d*z „ ( . (dz^ 
dxdy * dy dx' dif ' \dy 

eliminating /*(*)» we have 



cfeY d* z 9 dz dz 
dy) dx? dx dy 



d?z fdz\ d^z^Q 



dxdy \dxj dy* 

Thus we see that, instead of two final equations of the third 
order, we have a single equation of the second order. 

Ex. 2. Suppose that 

z = (x + y) + xy $ (x - y). 

The elimination of the arbitrary functions in this case can be 
effected only by proceeding to partial differentials of the third 
order, there being two final equations of this order, a result 
in harmony with the general theory which has been laid down. 
For the discussion of this example the student is referred to 
Lacroix, Traits du Calcul Diff&rentid, torn. i. p. 234. 
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Ex. 3. To eliminate the arbitrary functions from the equation 
The two functions are readily reduced to one : thus 



'&$•' 



and 



*m 






-p 



= a function of - , 

x 



^i 



. - a function of - : 

x 



hence 







'% 



<f> being a symbol of arbitrary functionality. Differentiating, 
first with regard to x and then with regard to y, we have 

dx \xj ' 3? ' 

dz 



'©•£■ 



and therefore 



dy 



dz dz 
dx dy 



This result would have been obtained by differentiating the 
proposed equation, without modification : the operation would 
however have been more tedious. 



Elimination of arbitrary Functions of unknown Functions. 

61. Suppose that we have two equations 

Um f{*9 y> *» c > 0( c )> %(?)> } = °> 

v = F {x> y, z, c, 0(c), x(c), } = ; 

c and z being therefore implicit functions of x and y. The 
functions 0(c), x(p)> are supposed to be m arbitrary 



78 



ELIMINATION OF CONSTANTS AND FUNCTIONS. 



functions of c ; whence it follows that c is an arbitrary function 
of x and y : for, supposing z to be eliminated between the two 
equations, we shall obtain an equation between x, y, c, of which 
the form is arbitrary. We propose to eliminate by differen- 
tiation the m arbitrary functions of c and the function c itself. 

If we differentiate the proposed equations n times succes- 
sively, we shall obtain the following equations, 



Du _ 

dx 



Dv 



dx 



= 0, 



dy 
Dv 



D*u 
da? 



D* 



= 0, 



v 



da? 
D>t> 

dx" 



dx 



= 0, 



= 0, 



D>u 



dx"dy 
da?dy 



D*u 
dxdy 

m 

dxdy 
= 0, 



= 0, 



dy 



= 0, 



= 0, 

dxdy' 
JTv 

dxdy 1 



= 



t f 



mi 

dy* 

dy' 
= 0, 



= o, 



= o 



y » 



= o 



D*u ^ 

-yr = 



t > 



dy" 



= 



the whole number of these equations, together with the two 
original equations, being 

2 {1 + 2 + 3 + + (n + 1)} = (rc + 1) (n + 2). 

These (n + 1) (n + 2) equations will involve the quantities 

dc dc 
dx 9 dy 9 

d 2 c d 2 c d 2 c 
dx 2 ' dxdy 9 dy 2 ' 

d 3 c d 3 c d 3 c d*c 

dx* 9 dx 2 dy 9 dxdy 29 dy 39 

d n c d*c d n c d n c d n c d n c 

fa"' daf'dy ' d&~ 2 dy 2 ' tifdy" 129 dxdy" 1 y dtf 9 
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the number of which is 

1 + 2 + 3 + -f (» + 1) = J (n -r 1) (n + 2), 

and also the functions 

*(«). *'(«0. *"(*)> W*)> 

X( c )> *'(<0, X"(c), ". . jtfc), 



of which the number is m (n + 1). 

Thus we shall have (n + 1) (n + 2) equations, between which 
it is proposed to eliminate quantities of which the number is 

equal to 

J(»+l)(» + 2) + w(n+ 1): 

for this purpose it is sufficient that 

(n + 1) (n + 2) > 2 (n + 1) (n + 2) + m (n + 1 ), 

I (n + 1) (n + 2) > m (» + 1), 

I (n + 2) > m, 

n > 2m- 2 ; 

or that n = 2m - 1. 

We shall have then, for the number of the equations, 

(n + 1) (n + 2) = 2m (2m + 1), 
and, for the number of the quantities to be eliminated, 

\ (n + 1) (n + 2) + m (n + 1) = m (2m + 1) + 2m a = 4m 2 + m. 

It follows that, when the elimination is completed, we shall 
arrive at m partial differential equations, of the (2m - l) th order, 
which will be satisfied by all the equations which are compre- 
hended under the general forms of the two proposed equations. 

It frequently happens however that the order of the partial 
differential equations necessary for the elimination of the m -f 1 

quantities c, <£ (c), % (c), is lower than the (2m - 1)*. 

Suppose for example that there are three arbitrary functions 
^( c )* X( c )* '4^(. c ) : *& thi 8 case m = & 9 w = 2m - 1 = 5 : we see 
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then that generally to effect the proposed elimination we should 
have to proceed as far as the partial differentials of z of the 
fifth order, and should arrive at three partial differential equa- 
tions of this order, between z, y, z. But if we establish the 
relations %(c) = ^ ^ (c) . ^ 

that is, if the equations are of the form 

/ {z, y, z, c, #<?), 4>'(c), <f>Xc)} = 0, 
F {z, y, z, c, <f>(c), <f>'(c), <f>"(c)} = : 

then, if we proceed as far as differentials of the second order, 
we shall have, in all, twelve equations, between which we may 
eliminate the eleven quantities 

dc dc d 2 c d 2 c <Pc 
dz 9 dy 9 da? 3 dzdy' dy 1 ' 

<t>(c), f (c), f (c), f "(c), <f>""(c), 

the result being a single equation between z, y, z, involving 
partial differentials of z only to the second order. 

Ex. Eliminate the arbitrary functions from the equations 

* 4>(p) + y x( c ) + * *(<0 = * 0)> 

*♦'(«) + yxb) + *fO) = o (2). 

Differentiating (1), with respect to z, we have 

{* 4Kc) + y jfl«) + * *'(«)} ^ + *(«) + J *(*) = 0, 
whence, by the aid of (2), 

dz 

*O) + Jg<K<0 = o (»). 

Similarly, differentiating (1) with respect to y, 

dz 

x(c) + dZ * (c) = ° (4) * 

From (8) and (4), putting 

W) - f(c)> m - (x 



» 
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wehave /( c ) + fg = (6), 

W + |=° (•> 

From (5), we get /(c) * + g - 0, 

~, v dc d*z 
dy dxdy 

A -i /. cfc rf*s dc d*z ,_ 

andtherefore = (7). 

ay ax ax axay 
In like manner, from (6), 

Cfc rf*2 Cfc tf 3 * . 

dx * rfy 2 rfy * dxdy 

From (7) and (8), we get, as our final result, 

d*z d*z /AV 
cfe 2 " rfy a \dxdy) * 



Elimination of arbitrary Functions when the number of 
independent Variables exceeds two. 

62. In the preceding considerations respecting the elimi- 
nation of arbitrary functions, we have always supposed that 
there are only two independent variables. We will now pro- 
ceed to develop the theory of elimination when the number 
of independent variables is any whatever. For the sake of 
simplicity we shall confine ourselves to the case where it is 
not necessary to proceed to partial differentials beyond the 
first order. 

Let f{x, y,z, w, c) = 0, 

x,y,z, being (m + 1) independent variables, and u the 

dependent variable. The quantity c is supposed to be an 
arbitrary function of a, /3, y, . . . . which are m known functions 
of x y y, £,. .. .and u. 

o 



/ 
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Taking partial differentials with regard to z, y, z, in 

succession, we get 

Df df df du df (dc da dc d(5 dc dy \ _ 

dz dz du dz dc \da dz d(5 dz dy dz * * * " / 

Df _df df du df (dc da dc d(5 dc dy \-(\ 

dy dy du dy dc \da dy d(5 dy dy dy * * * " / 

^f _ df df du df (dc da dc d(5 dc dy \ _ 

dz dz du dz dc \da dz dfi dz dy dz ' • * • y 



Taking these differential equations conjointly with the pro- 
posed equation, we shall have altogether m + 2 equations in- 
volving the m + 1 arbitrary functions 

dc dc dc 
da d[i dy 

These arbitrary functions may therefore be eliminated, when 
we shall arrive at a partial differential equation of the first 
order of partial differentials. 

Ex. To eliminate the arbitrary function from the equation 



z \z . zj 

Putting 2 = a, - = /3, 

X z 

we have (m - 1) u + — = af* <f>(a, j3), 

z 

whence 
(m - l)g + | = m.c- 1 ^ («, /3) 



^{a^fl-^l^a- 



+ zr <— <t> (a, tf). — ^ + — <Ma. tf). —?' , 
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Multiplying these differential equations in order by x> y, z, 
and adding, we get, attending to the proposed equation, 

, -,{ du du du\ xy _ , , 0x 

v du du du xy 

whence z- T - + y-=- + z— = mu + -2- . 

ax ay dz z 



g2 
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CHAPTER V. 



EVALUATION OF INDETERMINATE FUNCTIONS. 



lndeterminateness of explicit Functions of a single Variable. 

63. Suppose that 6 (z) = 4tt\ * 

F{z) 

and that, when a particular value z is assigned to z, f(z) and 
F(z) both become zero: the value of 4>(z) will, for such a 
value of z, present itself under the indeterminate form J. We 
proceed to investigate a rule which is often useful for the deter- 
mination of the true value of<f>(z ). 
We have generally 



«»»-ffiX®- 



and, for the particular value of z of z, 






Sz 

z and Sz being supposed to be replaced by z and Sz in the 

expressions for 

Bf(z) SF(z) 

Sz 9 ~&T' 

which are generally functions of z and Sz. Passing to the 
limit, when Sz becomes less than any assignable quantity, we 
have 

it being supposed that, in the expressions for the functions f(%) 
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and Fix), x is substituted for x. In other words, for any value 
of x which makes fix) =» and F(x) « 0, the value of 

Fix) 9 

f( x \ 
is the same as that of v,, : . 

F{x) 

If, for this same value of x, fix) = and F(x) « ; then, 
by the application of the same principle, we see that, for this 
value of #, 

F(x) F\x) ' 

Fyx) F(x) ' 

and so on. If f*(x) and F*(x) are the lowest differential coeffi- 
cients oi f{x) and F(x), of which both do not vanish for the 
particular value x of x, then the true value of <f> (x 9 ) will be 

an expression representing the value of 

^,whens = *, 

Ex. 1 . To find the value of 

<f — b* 
6(x) = , when x = 0. 

Here fix) = a* - **, 

<f>(x) = x : 
hence 

/'(a:) = log a . a* - log b . J* = log a - log J, when x « : 
A'O) - 1 : 

thuS *W l0g ft' 

or <K°) = lo g j • 
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Ex. 2. To find the value of 

X — 81U X 

$(?) = — -5 > when x = 0. 

Here f(z) = z - sin z> 

F(z)-a?i 

hence f( x ) = 1 - cos # = 0* 

.FO) = 3z* = : 

y* '(#) - sin a? =0, 
F'(z) = 6s = 0: 

/'"(*)- cos a; - 1, 
<F"'C*0 = 6. 

Hence <f>(0) =f'" (0 ) « I . 

Ex. 3. To find the value of 

4>(z) = (1 - x) tan — , when z = 1. 

Putting the equation under the form 

(1 - z) sin ^- 

cos 

2 

we see that ./T^) = (1 - #) sin — , 

F(z) = cos — : 
2 

hence fX&) = - sin — + - (1 - z) cos — = - 1, 

**(*) = - -sm T = -- ; 
and therefore £(1) = ^~ = - . 

H {I) IT 
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It would have been however more simple, observing that 
sin — =1 , when z = 1, to have sought the value of 

00) = ~^-> 

COS 

2 



instead of 



*(*)- 



N . irx 
- x) sin — 
J 2 



cos 



TTX 



We should then have 

/(*) = 1 - z, 

F\x) = cos — ; 



and, as before, 



/'(*) - - 1, 

K J 2 2 2 



#1) = - . 

IT 



Ex. 4. To evaluate 

4>(x) = (a 2 - # 2 ) . cot <- [ ) I . when x = a. 

W \2\a + x)y 

By an obvious transformation we have 

0(x) = (a + a:) . cos { - > . ,. v . r 

4 

/rt x4 (a - x) , 

= (2a) . ,. . ' il , when # = a. 

- % C-Hjf} 

Put /(*) = (a - *>, 

/(#) and F(x) being both zero when x = a. 
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Then, when x = a, 
fix) - - 1 (a - *)"*, 

- ira 



4 i 4' 

x) 2 (2aJ {a - *) 



2 \2^ + WJ (a + ^. (a _ 
and consequently 

/(*) ^ /'(*) _ (2a)* 

and «*) = (2«)*. ^ = - • 

The value of (f>(z) may be obtained also, and in fact more 
simply, without the aid of differentials : thus 

7r (a - z\l 



6(x) = - (a + x) cos i - ( J I 



2 \a+ a; 



but, when z =* a, 

ir (a - #M 



. fir /a - «\*1 " 
sin ^ - ► 

\3 V« + */J 



2U + a;/ 



sing^Yj sin * 



, when 0=0, 



= 1: 
hence 0(a) = — . 

Ex. 5. To evaluate 

, , N sin tt# - ?r# cos ?r:r , 

9 W = rt -a . , when # = 0. 

2s 2 sin inr ' 

Here f(x) = sin rra: - irx cos ?ra: = 0, 

F(x) =» 2a? sin ira; = : 

f'(x) = ir cos irx - ir cos irx + ir'a: sin irx = 7r 2 # sin ?r£, 

F(x) = 4# sin ttt + 2irx* cos ir#. 
Hence, when x = 0, 

* sin tt# 



^/ n /"W = a-'si 

* K } F'(x) 4 sin irx + 



27T# COS THE 
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Put f(z) = 7T* Sin TTXy 

F^z) = 4 sin tcz + 2ira? cos wz : 
then //(#) = w s cos 7r# = w 8 , 

F^(x) = 4ir cos ira? + 2ir cos its - 2t?z sin inr = 6ir. 

IT* 7T 8 

Hence £(<))=—«—. 

Evaluation of Functions of the form 55 • 

64. The rule for the evaluation of functions of z, which for 
particular values of the variable assume the form g, is applicable 
also for the evaluation of functions which assume the form ^ • 

Let o(z) = V,, x =— > whena? = « ft : 

^ F(z) 00 ° 

1 



then <f> (z) = — i^ = - , when z - # . 

Too 

Let Iftr)- -L_ , /(*)- * 



then (*) . -&2 . ? , when*-*,. 

Hence, by the theorem of Art. (63), for this value of z, 

hence, when x =>z t , 

which establishes the proposition. 
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If /"(# ) = oo and F'(x n ) = oo , then, by the application of 
the same principle, it is plain that, for this particular value of x, 

F(x) F'(x) F'(x)' 
and so on indefinitely. 

Ex. 1. To find the value of 

i 

(x) = e ' . (1 - log x), when x = + 0, 
where + denotes the limit of positive magnitude. 

Under a different form, 

. , . 1 - log X 00 

€ 

f{x) = 1 - log X, 

1 
F(x)= e: 

/'(*) = -;, 
F\x) = - 1 <? : 

hence 0(z) = ^)-^ = - = - = 0. 

e 
Ex. 2. To find the value of 

0*) = - % > when # = oo : 
x 

f(x) = (log a;) 2 = oo , 
F(x) = x 2 = oo : 

/'(» = - log x, 
x 

F'{x) = 2x : 

hence 6 to - £& = log * - - 

hence #(*) - - — ^ - ^ . 



1 
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Put /(*)•= log* = 00, 

F x (#) = z x = oo : 

then //(*) = 1=0, 

x 

F;(z) = 2a: = oo ; 
and therefore #(*) = £g = ££> - 1 . o. 

It would be more easy, in order to evaluate <p(z), first to 
find the value of 

t. / \ 1°K * oo 
a: oo 

and then to square the result. Putting 

f{x) = log X, 

F(x) « # ; 

we have /'(#) = - = 0, 

a; 

*"(*) = 1 : 
hence ♦ ( Q0 )-£^«0, 

and thus 0(#) = {^(a?)} 2 = 0, when x = oo . 

Ex, 3. To find the value of 

(x) = — - , when a: = oo ; 

a* 

a, m, n, being positive quantities, and a being greater than 

unity. 

If we differentiate the expression 



jr n 



a 

m times above and below, the series of resulting fractions will 
always be of the form — , up to the mP 1 differentiation, which 
will give a fraction q 

*(*y 
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C being finite and ¥ (z) infinite, when x = oo : thus we see that 

(oo) = 0. 

Failure of the method of Differentials for the Evaluation 

of Indeterminate Functions. 

65. It occasionally happens, when, for a particular value of z, 

that the application of the above rules is inadequate for the 
evaluation of $(#). By virtue of these rules we may take 

v,,; : as an equivalent for ■ ; we may modify • ' ; ' as 
if (z) F\X) J* (z) 

we please by cancelling or introducing common factors above 

f (*) 
and below; and, supposing J J, J to represent the modified 

firaction, we are at liberty, provided that 

F&yo* or ~*> 

to put • (*) = £g) 

and so on indefinitely, until we at length arrive at a firaction 
of which at least both the numerator and denominator are not 
simultaneously zero or simultaneously infinite. Sometimes, 
however, we are unable by the application of these combined 
operations to rescue the function from its nugatory form, the 
indeterminateness perpetually presenting itself again and again 

ft rt\ 

in the successive functions either in the shape of - or of — . 
Ex. Suppose that 

9K J F(z) j." ' 

and that z = oo : and that it is required to find the value of 
(z) for this value of z, m and n being positive numbers, and 
both a and b being greater than unity. 
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f'(x) = 0»3 m * 1 • log a . a"*, 
F , (x) = nar l .logb.lf > : 

m log a a*"* 
= n log ft ' m p' 9 

OF* 



if m be > n, 



= - , by Art. (64), Ex. 3. 

oo 



We shall fall into the same difficulty at each succeeding 
operation. In fact, the method of differentiation must not 
be considered as a universal rule for evaluating indeterminate 
functions, but merely as an instrument frequently of great use 
for this purpose. 



Evaluation of Indeterminate Functions of several Independent 

Variables. 

66. Suppose that, to take the case of two independent 

VaXiable8 ' tCs*-***- 

when x, y, receive respectively particular values x , y ; the 
variables x and y being subject to no equation of connection. 
Generally 

&f(x, y) and AF(x, y) denoting the total differences of f(z, y) 
and .F(a;, y). 
Suppose that * = *„ y = y : then 

supposing that, in the expressions for Af(x, y), AF(x 9 y), 
which are certain functions of x, y, &r, Sy, we finally substitute 
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x , y , &r , Sy , for x, y, 8x, Sy. Proceeding to the limit we have 

* {X< " %) ~ lDF(x, y) ' 
x , y , dx , dy , being finally substituted for x, y, dx, dy. 

But Df(x, y) = -£dx + J-dy, 

fdx.fdy 
dx ay 

hence *<>*.> *J - dF j F ' 

ax ay 

Since the ratio of dx to dy is undefined, it appears that 
the value of 0(# o> y ) is generally indeterminate: suppose 
however that, when x = x and y = y , either 

^- = 0, and -3- = 0, 

or -^- = 0, and -— = 0. 

dy dy 

df 

In the former case $(x Q9 y ) = ■?£, 

ax* 

in the latter, (* , y ) «= ^ : 

in both these cases the indeterminateness disappears. 
If the four quantities 

df dF df dF 

£' ar i- w 
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be simultaneously zero, we must proceed to second differentials, 
when 

* ( *°> '•> - OT5S7) - JV ^ A» * 

<&» ^ + 2 <& <* y ** dy + ^ ^ 

an expression generally indeterminate by reason of the inde- 
finiteness of the ratio of dx to rfy. If all the partial differentials 
of f and .F of the second order are zero, we must proceed to the 
third order, and so on. 

The extension of the preceding considerations to indeter- 
minate functions of any number of independent variables is 
obvious. We have considered only the case of indetermination 

of the form - : the application of the method, however, to that 

of the form — may be established just as in the instance 

oo 

of a single independent variable. 
Ex. 1. Let 

Her. *.!.,. *.!.,. 

ax x ay y 

d —=\ — =2- 

dx ' dy 

whence tf>0 , y^ = * *J - = r— ^- , 

dx + 2dy 1 + 2a 

where a is an arbitrary quantity. Thus <p(x Q9 y ) may have any 
value from - oo to + oo . 

Ex. 2. Let 

»(«,y)- ( *- 1 * | *» < - 1 ;. *-l, ,.-l. 
(*» - 1)* - y + 1 
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Here g-|(,-l>-0. #-|*-f. 

— = 3z(a?- 1) = 0, — = - 1: 
ok ay 

hence #(# , yj = - 1, a determinate value. 

Ex.3. Let ♦foy)- ^* y j > ^o=°>yo=°- 

ar + y* 

Then ^=2(^ + y)=0 > ^ = 2(a: + y)= 0, 
a# ay 

— «2* = o, 7^ = 2 y =:0 - 

a# ay 

The partial differentials of the first order being zero, we must 
proceed to differentials of the second order. 

£f = o *L = 2) ££= 2 , 

oV ' dzdy ' dtf 

aV ' dxdy ' dy 2 

TT , . 2aV + idzdy + 2dy* 
Hence * (* , y ) 2 ^ + / rfy , 

1 + a 2 1 ' 

a + - 
a 

a being an arbitrary quantity. The value of ^ (# , y ) is there- 
fore indeterminate, within certain limits ; its greatest and least 
values corresponding to the least positive and least negative 

values of a + - . Suppose that 

a 

« + - = ft 
a 

then 4a' - 4/3a + ft = ft - 4, 

2a-/3 = ±(/3 2 -4>: 
hence + 2 and - 2 are the least positive and negative values of 



EVALUATION OF INDETERMINATE FUNCTIONS. 97 

j3 or o -f -. It appears therefore that <f>(x 09 y ) may have any 

o 

value whatever from to + 2. 



Evaluation of indeterminate implicit Functions of a single 

Variable. 

67. Suppose that an equation 

/(*,y)-o (l) 

is satisfied identically by a certain value x of x, whatever be 
the value of y. The function y will for this value of z appear 
to be indeterminate. 

Differentiating the proposed equation, we get 

£* + f*-° w- 

But since, when x - x , f(x, y) has a constant value zero for all 
values of y whatever, it follows that in this case also 

dy 
hence we have, when x = x , 

is*- ' or l=° <»>• 

The value of y must be determined from the equation (8). In 
case the equation (3) be satisfied identically for all values of y, 

we must, the function -j- now occupying the place of the original 

function f y proceed to determine y from the equation 

df 
dx 2 

and so on, until the indeterminateness is eradicated. 
Ex. 1 . Suppose that 

f( x > y) =* fnx2 ~ x + i°g (i + x v) - °> x o = °- 



.,=°. 



ii 
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Then 4~ = 2 ™# - 1 + , V = 0, 

ax 1 + xy 

whence - 1 + — = 0, or y = 1. 

Ex. 2. Let 

/(*>y) = (y*- i)^-y{iog(i + *)}* = o, *o = °. 

Here the equation -y- = 

gives us, for the determination of y 0> 

2 (y* - 1 ) x - y t g + v g ' = 0, 

or Ffa y) = (y* - i) 0& 2 + *) - y log (1 + x) = : 

but this equation is identically satisfied by x = : we must 
therefore differentiate again with regard to x. 

The equation -=- = 

ax 

gives us, for finding y , 

y - 1) (to + 1) - -2L- .. 0, 

\ + x 

whence y a - 1 - y = 0, 

a quadratic giving two values for y . 
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CHAPTER VI. 



MAXIMA AND MINIMA. 



Definition of a Maximum and Minimum. 

68. Let y =/(x) 9 and suppose that, as x gradually increases, 
through a particular value x oi from a value x - h to a value 
x Q + A, h being an indefinitely small positive quantity, y in- 
creases, as x increases from x - h to x , and decreases, as x 
increases from x to x + h. In this case y is said to have 
a maximum value when x = x Q . If y decreases, as x increases 
from x - h to £ , and increases, as x increases from x to x + A, 
then y is said to have a minimum value when a: = # . The 
words increase and decrease are here used in algebraical senses 
to indicate progress from - oo towards + oo , and from + oo 
towards - oo , respectively. 

Preliminary Lemma. 

69. Before proceeding to investigate a rule for determining 
the maximum or minimum values of y, it will be necessary 
to premise the following lemma. 

Lemma. If u be a function of x; then, accordingly as u 
is increasing or decreasing as x increases, — will be respec- 
tively positive or negative, and conversely. 

Suppose that, when x increases to a value x 4 $x, Sx being 

very small, u becomes u + Su ; then, if u be increasing with the 

increase of x y Su must be positive, and if u be decreasing, 

Su 
Su must be negative : hence ^- must be positive in the former 

bx 

H2 



100 MAXIMA AND MINIMA. 

and negative in the latter case ; and this must be true ultimately 

du 
when Sx is diminished without limit. Hence — must be 

ax 

positive in the former and negative in the latter case. 

Conversely, since — is the limiting value of ^- , it is evident 

that, accordingly as — is positive or negative, ^- must also 

dx ex 

be positive or negative when Sx is sufficiently small, and that 

consequently u must be increasing or decreasing with the 

du 
increase of x accordingly as — is positive or negative. 

In other words, that u may be increasing or decreasing with 
an increase of x, it is sufficient and necessary that — be 
positive in the former and negative in the latter case. 



Rule for finding Maxima and Minima. 

70. By the definition of a maximum or minimum given 
above, and by virtue of the Lemma of the preceding article, 
we see that, for a maximum value of y, it is sufficient and 

necessary that -~ change sign from + to - as x passes from 

x - h to x + h, being positive for the former range of values 
of x and negative for the latter. From these sufficient and 

necessary conditions it follows that, when x = x Q , — must 

dx 

become either zero or infinity, since a function of x can change 

sign only in passing through one or other of these values. 

Similarly, that x = x Q may correspond to a minimum value of y, 

it appears that -j- must pass from - to + as x passes from x - h 

to x + h and become, as in the case of a maximum, either zero 
or infinity when x = x . 

We may now enunciate a general rule for finding the 
maximum and minimum values of y. 
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Rule. Obtain all the values of x which satisfy either of the 
two equations 

if any one of these values of x be such that, as x increases 
through it, f\x) changes sign from + to -, it will correspond 
to a maximum value of y; if it be such that, as x increases 
through it, f\x) changes sign from - to + , it will correspond 
to a minimum value of y ; and if it be such that, as x increases 
through it, f'(x) does not change sign, it will correspond 
neither to a maximum nor to a minimum value of y. 

Ex. 1. To find whether, n being a positive integer, 

y = (x - a) n 
has a maximum or minimum value. 

Here -^ = n(x - a) n " l : 

ax 

equating to zero the value of -^ , we have 

ax 

x - a = 0, x = a. 

Putting in the expression for -j- first a - h and next a + A, 

ax 

we see that, if n be even, -~ will be negative in the former 

ax 

* 

case and positive in the latter ; and that, if n be odd, — will 

dx 

have the same sign in both cases. Hence, if n be even, x = a 

gives zero as a minimum value of y, and, if n he odd, y has 

neither a maximum nor a minimum value. 

Ex. 2. Let y = a? + 3x + 2 : 

then -^=2^+3 = 0, x = - g. 

ax * 

If x - - | - A, it is evident that -^ is negative, and positive 

ax 

when # = - \ + A. Hence x = - § renders y a minimum, its 

value being 



then 
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Ex.3. Let y = ^-±iZ : 

y (x + 2) 6 

%^__ 2 (a; + 3/ (a; + 5) 
dx (x + 2) 7 

# = -3, or # = -5: 
putting •— = oo , we have x = - 2. 

Now t^ = ±> if # = - 2 + A ; 

-~= + , if x = - 3 T h; 
dx 

and ~r- = ±> if # = - 5 + A. 

Hence, if # = - 2, y = oo, a maximum, 

if # = - 3, y = 0, a minimum, 

and if # = - 5, y = ^g, a maximum*. 



Abbreviation of Operation. 

71. Suppose 0(#) to be any function of x which for all 
possible values of x has the same sign as f'(x). Then it is 
evident that in the rule which we have enunciated for finding 
the maximum and minimum values of f(x), we may replace 
f'(x) by 0(#). This change will frequently abbreviate' the 
processes of investigation. Thus if, for instance, 

where V(x) is a function of x essentially positive, we may 
reject ^(x) and take <p(x) in place oif'(x). 

Ex. 1. To find the maximum or minimum values of y, when 

x - 1 

y = —, ; • 

J x(x+ 1) 
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In this case 

/ = -37 7*r = *(*) . (l + 2* - s a ): 

now ^ (a:) cannot change sign : put therefore 

<p (z) = 1 + 2x - a* =» : 

we have then x = 1 - V2, or x = 1 + V2. 

It is easily seen that 

$(x) = + , if # = 1 - V2 T A, 

and #0*) m ± * if#=l+V2TA: 

hence x = 1 - V2 gives a minimum and a: - 1 + V2 gives a 
maximum value of y. 

By the rejection of the factor 



a?(x+lf 

it will be observed that we escape the trouble of examining the 
consequences of putting f'(x) = oo . 

Ex. 2. Let y - ; -4 . 

* Or + 1) 

The* go,/ W >^r *> ■*(,).,(*), 

where (#) = (x - 1) (5 - #). 

Putting (#) = 0, we see that 

x = 1 or # = 5. 

Also (a?) = T , if a: = 1 hP -A, 

and (#) = ± , if x = 5 * h. 

Hence, if # = 1, y = 0, a minimum, 

and if x = 5, y = J^, a maximum. 

Alternation of Maxima and Minima. 

72. Supposing y to be a function f(x) of #, which has 
several maxima and minima, then, as x keeps continuously 



1 
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increasing, the maximum and minimum values of y will occur 
alternately. This will easily be seen when we consider that 
whenever the sign of f\x) changes from + to -, y is a 
maximum, and, whenever it changes from - to +, a minimum; 
and that a change from + to - can be succeeded only by a 
change from - to + , and conversely. 



Modified method of finding Maxima and Minima, 

73. Suppose that f(x) has a maximum value when x = x Q , 
and that none of the derived functions 

/'(*), /"(*), /"'(*), 

become infinite when x = x Q . Then, since fix) decreases 
from +, through 0, to -, as x passes from x Q -h, through z# 
to x + A, it appears, by the Lemma of Art. (69), that fix) 
must have the sign - for this range of values of x. Itf(x) = - 0, 
when x = x , the symbol - being used to denote zero regarded 
as a limiting state of negative magnitude, then, when x = x oy it is 
evident that fix) has a maximum value : from this it follows 
that, since fix) now occupies the place of fix), fix) will 
change sign from +, through 0, to -, and f v ix) will have the 
sign -, as x ranges from x - h to x + h. If fix) = - 0, when 
x - x 09 then, fix) now occupying the place of fix), we see 
that f v (x) will change sign from +, through 0, to -, and 
f y '(z) will have the sign -, as x ranges from x - h to x Q + h. 
We may proceed with this reasoning from step to step until we 
arrive at a derived function of an even order which does not 
vanish when x = x . Our final conclusion is evidently that, 
for a maximum value of f(x), we must have f'(x) = 0, and 
that, of the differential coefficients of f(x)> the first which, 
for a corresponding value of z, does not vanish, must be of 
an even order, and must be negative. 

By precisely the same form of reasoning, mutatis mutandis, 
we may see that* for a minimum value off(x), the sufficient and 
necessary conditions are that 

/'(*)-o, 
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and that of the derived functions f'(x), f'"{x), • . . . the first 
which, for a corresponding value of x, does not vanish, shall be 
of an even order and shall be positive. 

Hence, to find the maxima and minima of a function f(z), 
we must equate its first differential coefficient to zero, and 
thence obtain corresponding values of a?: we must then keep 
differentiating the function until, for each of these values of x y 
we arrive at a differential coefficient which does not vanish : if, 
for any one of these values of x, this final differential coefficient 
is of an even order, the corresponding value of f(x) will be 
a maximum or a minimum accordingly as the final differential 
coefficient is negative or positive. If the final differential 
coefficient is of an odd order, the corresponding value of f(x) 
will be neither a maximum nor a minimum. 

Ex. 1. Let 



then 



it/ — 




X 

• 


y - 

dy & 


a? 
1 


+ r 

-3? 


dx 


(1 


+ *')" 



or /'(*) = *<>).(1- **), 

*(#) being an essentially positive factor. Take then, instead 
of /'(*), #(*)-l-^-0: 

then x = 1, or x = - 1 : 

if x = 1, <f>'(x) = - 2x = - ; 

if x = - 1, <tf(x) = - 2x » + . 

Hence x = + 1 makes y a maximum, and x «= - 1 makes it a 
minimum. 

Ex. 2. Let y = x* - 8s 3 + 22^ - 24# + 12. 

Then -£ = 4s 3 - 24s* + 44# - 24 » : 

dx 

the roots of this equation are 1, 2, 3. Now 

d*v 

-% = 12s 2 - 48# + 44: 

dar 
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hence g = +> when*=l, 

(far 

—| = - , when x = 2, 
ax 

—\ - + , when x = 3. 
oar 

Thus we see that for the values 1, 2, 3, of x, y is respectively 
a minimum, a maximum, a minimum. 

Ex. 3. Let y = e* + 2 cos # + e* : 

then, when a: = 0, 

-£ = e" - 2 sin # - e* = 0, 
cfo 

-=4 = ^ - 2 cos x + e~* = 0, 
ax 

d*v 

— ^ = tf + 2 sin x - *"* = 0, 

aar 

—^ = e* + 2 cos # + e" = 4. 

Hence x = gives for y a minimum value 4. 

I 

Ex. 4. Let y = b + c (a: - a) : 

then -]f- = lc(x -, o)"* = c(:r - a) . * (a?), 

where ty(x) = !}(# - a) , a quantity essentially positive. 

Instead, therefore, of -^ or f\x), we may take 

ax 

(a;) = c (x - a) = ; 
whence we get # = a ; also 

#'(#) = c. 

If therefore c be a positive quantity, x - a makes y a minimum ; 
if c be a negative quantity, x = a makes y a maximum. 
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Ex. 5. Let y = ^±i? . 

y (z + 2) 2 

Then 4 = *(* + 3) s 

<fc (# + 2) 8 



= :*(# + 2).¥(#), 



2 



where * (a;) = \ '-. , 

w (z + 2) 4 

an essentially positive quantity. 

Hence, instead of •— or f'(x), take 

O) = £ (a; + 2) = : 

then x = 0, or # = - 2 ; 

if x = 0, 0'(ar) = # + 2 = + , y = ^> a minimum : 
if x = - 2, 0'O*O = a: = - , y = oo , a maximum. 

From this and the preceding example it appears that, although 
either f(x), or its derived functions of sufficiently high orders, 
may become infinite for a value of x which makes f(x) a 
maximum or a minimum, yet, if we replace f'Qc) by an appro- 
priate function <j>(z) which has always the same sign as f'(x), 
we may often apply with advantage the rule of Art. (73) for 
finding such a value of x. 

Abbreviation of Operation. 

74. Suppose that, for a certain function f(x) = y, 

dy 
ax 

u being a factor which vanishes when x = a, while v remains 

d r u 
finite. Then, if —— be the first differential coefficient of u which 

ax* 

does not vanish when x = a, it is easy to see that 

d r y d r u , 

— - = v -z— , when x ~ a, 

ax r daf 

and that all the differential coefficients of y of lower orders than 
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the r* will be equal to zero. This consideration enables us to 

ascertain whether a particular value a of x, which makes — = 0, 

dx 

corresponds to a maximum or a minimum value of y, without 

being driven to the necessity of obtaining the general expression 



for the value of 



d r y 



dx*' 
Ex. 1. Suppose that y is such a function oix that 

^ - (x - 1) (c - 2) (* - 3) (* - 4), 

and suppose that we desire to know whether x = 1, which makes 

dv 

-j- = 0, corresponds to a maximum or to a minimum value of y. 

dx 

We have, if z** 1, 

g = (* - SK« - ») (*-*)-(-) (-)(-) = - = 

which shews that x = 1 corresponds to a maximum value of y. 

Ex. 2. Suppose that 
dy 



dx 



(*-iy(*-2)(*-8)(*-4); 



, d 2 v d*v 

^ = 1.2.8 (x - 2)(* - 3) (* - 4) = - : 
which shews that «al corresponds to a maximum value of y. 



Maxima and Minima of implicit Functions of a single Variable. 

75. In the preceding articles we have investigated the 
method of finding the maxima and minima of an explicit 
function of a single variable. We proceed now to the con- 
sideration of those cases in which the function is involved 
implicitly with its variable. Let y be a function of x by virtue 
of an equation 

«-/(*, y)«o (i> 
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Differentiating this equation, we get 

du du dy , . 
dx dy dx ." 

From (2), since -^ = or = oo , is an essential condition for a 

dx 

maximum or minimum value of y, we have 

du 

-*i = or = oo (3). 

du 

dy 

From (1) and (3) we may obtain those systems of values of x and 
y which alone can correspond to maximum or minimum values 
of y. In order to find whether a value x of x so discovered 
does really give a maximum or minimum value of y, we must 
substitute, in the expression 

du 
_ dx 
du 9 
dy 

x - h, x + h, successively for x y and the corresponding values 
of y, and see whether the expression changes sign from + to +, 
the additional conditions for a maximum and a minimum value 
respectively. 

For those values of x which do not render ~- , or any of the 

dx 

higher order of differential coefficients of y, equal to infinity, 

we may proceed to find, by implicit differentiation, the values of 

-t^ > -^ ,. . . . until we arrive at one which does not vanish for 
dx* dx* t 

a value of x which makes JjJ = 0. If the order of this final 

ax 

differential coefficient be even, the value of x gives a maximum 
or a minimum value of y, accordingly as the sign of the dif- 
ferential coefficient is negative or positive. 

Ex. Let x 3 - 3a xy + y z = (1)': 



1 
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then x % - ay + (y 2 - ax) -^ = (2)'. 

ax 

Supposing that* -j- = 0, we have 

ax 

x* - ay = (3)'. 

Eliminating y between (1)' and (3)', we get 

x 6 - 2aV = 0, 

whence x = 0, or x = a \/2, 

and therefore respectively 

y - 0, or y = a \^4. 

Differentiating (2)' we have, taking the values a \/2, a \/4, 
for x, y, 

2x + (y*~ ax) -jjL = 0, 

2aV2 + a\ a\2 . -^ = 0, 

__£ = — , a negative quantity : 

hence a \/4 is a maximum value of y. 

If a: = and y = 0, then -? derived from (2)' takes the inde- 
terminate form J: we may however extricate ourselves from 
this difficulty by differentiating (2)' successively until we obtain 

an equation in which -j- no longer presents itself under this 

ax 

form. Thus, after one differentiation, 
and, after a second differentiation, 

When x - and y = 0, this equation becomes 

whence — ~ = — , a positive quantity. 
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Thus we see that the system of values x = 0, y = 0, corres- 
ponds to a minimum value of y. 
We will discuss this example also by examining directly 

whether ~- changes sign as x passes through and a 3 2. 
ax 

First, taking the value of x, put A for x in (1)', A being very 

small: then 

A 3 - 3ahy + y 3 = 0, 

or approximately, - 3oAy + y 3 = 0, 

whence y = 0, or y = ± (3a) . A*. 

Hence, if y = 0, we see that, 

, , dy A 2 

when x = - A, —• = - 



d& + a A 

v i dy h 9 
when # = + A, -^ = - = + : 

02 — ah 
hence x - gives y = as a minimum value of y. 
The values ± (3a) 4 . A 4 of y must be rejected because they are 
impossible when - A is put for + A. 
"We will next take the system 

x = afy2, ay'*. 

Putting # = a \/2 + A, y = a \/4 + A, in (1)', we have nearly 
2a 3 + 3a 8 (2) 1 . A - 3a {a (2)*+ A} .(a */4 + A) 

+ 4a 3 + 3a 2 (4) 1 . A = 0, 
whence, approximately, 

3a 2 (2) ! . A - 3a {a (4)* A 4 a (2)* A} + 3a 2 (4) S A = 0, 
whence A = 0. 

Thus rfy (a 3 V2 + A) 2 - a 2 (4)* 

rf * a 2 (4) ! -a 2 (2)* 

= _ 3a 2 (4)* . A 

+ 
= +, if A be negative, 

= -, if A be positive : 
hence x = a % 2 gives a V 4 as a maximum value of y. 
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If we take y % = ax, we shall get ««=0,y = 0, which we have 

already considered, and x = a \> 4, y - a % 2, which makes -^ = a: 

dx 

we may shew, in precisely the same kind of way, that these 

values of the variables do not correspond to a maximum or 

minimum value of y. 



Maxima and Minima of a Function of a Function. 

76. Suppose that r=f(x) 9 and x = \p(0), f(x) denoting a 
certain function of x y and \p(6) a function of Oj and let it be 
proposed to determine the maxima and minima of r as depending 
upon the variation of 0. We know that 

dr dr dx ~, N t ,,t\^ 

From this relation it appears that, in order that r may have 
a maximum or minimum value, the expression 

/'(*) • *w 

must experience a change of sign as varies from O - a to O + a, 
O being the value of which makes r a maximum or minimum, 
and a being an indefinitely small positive quantity. In order 
that such a change of sign may take place it is necessary that 
either f(x) or t//(0) change sign, but that both do not change 
sign at once. In other words, that y may have a maximum or 
minimum value, it is necessary that either f(x) have a maximum 
or minimum value as dependent upon the variation of x, or that 
xfj(9) have a maximum or minimum value as dependent upon the 
variation of 0, and that f(x) and t£(0) have not maximum or 
minimum values simultaneously. If f(x) have a maximum or 
minimum value in relation to x, then r will have respectively 
a maximum or minimum value also in relation to : for, if i//(0) 
be positive, then as varies from O - a to O + a, x will vary 
from x Q - h to x + h 9 and therefore, f'{x) changing sign from + 
to -, f '(x) . i//(0) will also change sign from 4 to - ; and, if ;//(0) 
be negative, then as varies from O - a to O + a, x will vary 
from x + h to x - A, and therefore, f'(x) changing sign from 
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- to +, f'(x) . 4/(9) will change sign from + to - : that is, a 
maximum value of f(x) with regard to x corresponds to a 
maximum value of r with regard to 9: we may shew in like 
manner that a minimum value of f(x) with regard to x cor- 
responds to a minimum value of r with regard to 0. Also, if t//(0) 
have a maximum value in relation to 0, r will have a maximum or 
a minimum value in relation to accordingly a&f'(x) is positive 
or negative ; and if «£(0) have a minimum value in relation to 0> 
r will have a maximum or a minimum value in relation to 
accordingly a&f( x ) * 8 negative or positive. 

Ex. 1 . Let it be proposed to find the maximum or minimum 

value of r, when 

/ * 
r = m + x f x - m\ tan - 

Here -- = 1, 

ax 

a quantity insusceptible of a change of sign : hence r has no 
maximum or minimum in regard to x. Again 

. 

sin - 



dx Of 0V 2 

— = m tan - sec - ] = m 



dO 2\ 2/ / e 




3 



dx 

thus — changes sign from - to + as varies from - to + ; 
au 

and from + to - as varies from ir - a to w + a : hence 

if0=O, #=»0; r =>m, a minimum value of r ; 

and if0 = 7r, x = +<x>; r = +oo, a maximum value of r. 

This is the solution of the problem " to find the maximum or 

minimum values of the radius vector of a parabola, the focus 

being the pole." 

Ex. 2. To find the maximum or minimum values of 

b 2 x 



having given that 



We have 





r = , 

2a- x 


r — 


a (1 - e 2 ) 


\* — 


1 + e cos 


dr 


2ab 2 



dx (2a - xj 



t» 
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an essentially positive quantity, which shews that r has no max- 
imum or minimum in relation to x taken absolutely. 

a • dx ae(\ - e % ) . & 

Again ^ = jz — gr, . sin 0, 

e d0 (1 + e cos 0) 

which shews that -^ changes sign from - to + as increases 

through zero, and from + to - as increases through it. 
Hence 

if = 0, x = a (1 - e) ; r = . J 2 , a minimum value of r ; 

1 + 

and, if = ir, x = a (1 + e); r - — — . 6 2 , a maximum value of r. 

1 - e 

This is the solution of the problem " to find the maximum 
value of the perpendicular drawn from the focus of an ellipse 
upon the tangent," r being the square of this distance and x the 
radius vector. 

For additional examples the reader is referred to a paper 
in the Cambridge Mathematical Journal, for February, 1843, 
entitled "On certain cases of Geometrical Maxima and Minima." 

Maxima and Minima of a Function of two Independent 

Variables. 

77. Let z =f(x,y), x and y being two independent variables. 
We are at liberty to assume that y = \fj(x) provided that \f*(x) 
denotes an arbitrary function of x. Differentiating z on this 
hypothesis, we have Dz dz dz , 

where y' is used to represent -~ . 

ax 

Now that z may have a maximum or minimum value for 
any system of values x and y of x and y> it is sufficient and 
necessary that, as x increases through x 09 the total differential 

Dz 

coefficient -r-, and therefore the expression 
ax 

dz dz , 
di + djf y ' 
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shall change sign, whatever be the form of \p(x\ the only restric- 
tion to the arbitrariness of this function being that it shall be 
equal to y when x = x , and whatever therefore be the value 
of y\ A change of sign from plus to minus corresponds to a 
maximum, and, from minus to plus, to a minimum. 

78. In what follows we shall confine our attention to those 
maxima and minima corresponding to which the partial differen- 
tial coefficients of z do not assume either infinite or indetermi- 
nate values. Under this supposition we must have, for a maximum 
or minimum value of z, 

Dz dz dz , 

dx dx dy ' 

and therefore, y being a perfectly arbitrary quantity, 

dz 

f~\ (1). 

dy 

A pair of values of x and y, deducible from the equations (1), 
will certainly correspond to a maximum value of z, if 

d? <0 * <* 

and, to a minimum, if 

s>° ^ 

But, proceeding to the second total differential coefficient of z 9 
we have, putting y" for —^ , 

EPz __ d 2 z d 2 z , d 2 z ,, dz „ 

dJ~dJ + 2 d^' y + df' y *Ty- y> 

or, by virtue of (1), when the values of x and y correspond to 
a maximum or minimum value of z i 

I¥z d 2 z d 2 z . d 2 z n ( 

d^"d?^ 2 d^' y + dp' y •■••'•••W. 

In order that, in conformity with the inequalities (2) and (3), 

12 
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—— may never be zero whatever value be assigned to y\ it is 
dx 

sufficient and necessary that the values of y' deducible from the 

quadratic equation 

d 2 z d*z , d 2 z , 2 _ 

dx 2 dzdy ' dy 2 

be impossible. Hence we must have 

d 2 z d 2 z I d 2 z \a xx 

da? ' dtf \dxdyj 

d 2 z d 2 z 
a condition which requires that -— - % and — ? have the same sign. 

CLX ^y 

From (4) we see that 

drz ITz^tfz, d 2 z ( d 3 z V (cPz , ^ d 2 z V 
dy 2 ' dx 2 dx 2 " dy 2 \dxdyj \dy 2 ' dxdy) 

the right-hand member of which equation is, by virtue of the 

jf z 

inequality (5), an essentially positive quantity. Hence -^ must 

(JLX 

have the same sign as — = and therefore as — 5 . Hence, to 

dif dx* ' 

recapitulate, we see that, for a maximum or minimum value 

of 2, it is necessary that 

dz dz 

dx dy 

and that any pair of values of x and y, which satisfy these 
equations, and also the inequality 

cPz d 2 z ( d 2 z V 
dx 2 ' dy 2 \dxdyj ' 

d 2 z d 2 z 
will certainly correspond to a maximum value of z, if -=-$ and -— 2 

d 2 z d 2 z 

be negative, and to a minimum, if -^ and -r-, be positive. 

dx dy 

ITz . 

In the above reasoning we have supposed that -— is not 

(JLX 

equal to zero for values of x and y which satisfy the equations 
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(1): if however --, = 0, then it will be sufficient that also 

ax 

-=-, = 0, and that -r-j- > or < ; and so on, it being necessary 

that the first total differential coefficient of z which does not 
vanish be of an even order. 

Suppose for instance that -=-« is the first of these coefficients 

ax 

which does not vanish. Then, for all values of y', we must have 

Ifz d 2 z ^ d 2 z , d?z n dz „ 
da? dx 2 dxdy y dy* * dy * 

m d*z d 3 z , d*z „ d z z , s 

dx*~dx> + dzldy' y + S dzfy*- y +dj? y 

/ d % z d 2 z ,\ „ dz „, ^ 

d*y 
where y'" = —-£; and therefore, in addition to the relation (1), 

CUT 

we must have, y', y", y", being perfectly arbitrary quantities, 

(Pz _ d 2 z _ d 2 z 

da? ' dxdy ' dy 2 

d*z d*z d z z d 3 z _ 

do? ' da?dy ' dxdy 1 ' dy* 

Zfiz . 

Since — - is supposed not to be zero, whatever be the value 

CLX 

of y', it follows that the values of y' deducible from the biquad- 
ratic which results from the equation 

viz. 

d*z A d*z , „ d*z t2 A d*z , 3 d*z /4 ^ 

must be all impossible. 

We may proceed in the same way to the consideration of 
cases in which the first total differential coefficient of z which 
does not vanish is of a higher order than the fourth. 
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Ex. 1. To find the maxima or minima of 

z = a? + y 3 - Saxy. 

Put — = 3x % - Say = 

dx * 



0> 



dz 

__ = 3y* - 3a# = 

dy 

The equations (1) are satisfied by either of the systems 

x = 0\ /# = a' 

,y = <v ° r \y = «, 

Differentiating again, we get 

d 2 z rf 8 3 d 2 * _ 

^"" d^dy~ dtf~ V ' 

If # = and y = 0, then the expression 

<fo* * dy 2 \dxdy) 

has not a positive value, or this system, of values does not cor- 
respond to either a maximum or a minimum value of w. 

If x - a and y = a, then the expression is equal to a positive 

d*z d*z 
quantity, and -— - , ^ , are both equal to 6a : hence, if a be 

positive, - a 3 is a minimum value of u 9 and, if a be negative, 

- a 3 is a maximum value of u. 

Ex. 2. To ascertain whether x = 0, y = 0, which make 

— = and — = 0, when 
dx dy 

z = x* + #*y 2 + y 4 , 

render 2 a maximum or a minimum. 
We have 

— - = 4x 3 + 2xy z = 0, 
dx y 

/ = 2x'y + 4y 3 = 0, 
dy 

£*=12* 2 +2y 2 = 0, 



p 



I 
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d*z J 
jg-irf+ltf-O, 

d * Z o. « 

4y = 0, 



da?dy 

d % z 
dxdtf 

d*z 



- 4a; = 0, 



<&• ' dddy"^ da?dtf m ' dxdtf~ ' dy<~ 

Hence the equation 

rf 4 2 A d'z , n d'z „ A d'z ,. d'z , 4 ^ 
efo 4 d^rfy y dafckf * dxdtf * dy* * 

becomes 24 + 24y' 2 + 24y' 4 ■= 0, 

the roots of which are evidently impossible. 

Ifz ... 

Also -— is positive : hence it follows that x « 0, y = 0, cor- 
respond to a minimum value of z. 



Maxima and Minima of Functions of any number of Independent 

Variables. 

79. Suppose that u =f(x> y, z,. . . .) 

where x, y, z> . . . . are independent variables. Assume each of 
the variables y, z 9 .... to be an arbitrary function of x. Then, 
by the general theory of maxima and minima of a function of a 
single variable, it is necessary that the first of the total differen- 
tial coefficients 

Du Ifu &u 



dx ' dx 2 ' ds? 



,. . . 
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which does not vanish shall be of an even order, positive for a 
minimum value of ti, and negative for a maximum. If the 
71 th of these differential coefficients be the first which does not 
vanish, it is evident that, by adopting the same course of reason- 
ing as in the case of two variables, we should ascertain that all 
the partial differential coefficients of u below the n th must be 
equal to zero. In addition to this, we should find it to be 
necessary that a certain equation of n dimensions in y', z 1 , . . . . 
the differential coefficients of y, z,. . . .with regard to x of which 
they are arbitrary functions, be incapable of being satisfied 
without assigning impossible values to at least some of the 
quantities y\ z' . . . . : the conditions arising from this considera- 
tion are generally of the utmost complexity. 



An instance of Maxima and Minima corresponding to Indeter- 
minate Differential Coefficients, 

80. Let it be proposed to find the maximum or minimum 

value of , = & + ff. 

We have 

dz _ 2x dz _ 2y 

{12 dz 

When #= and y = 0, the partial differential coefficients __,_—, 

dz dy 

both assume the form J : we are unable therefore, by the tests 
of Art. (78), to ascertain whether this system of values cor- 
responds to a maximum or minimum value of z. We shall 

Dz 

have to consider whether -=- , the total differential coefficient 

ax 

of z, has a change of sign, as x increases through zero, for all 

values of y'. Now 

Dz _dz dz , 2 x + yy 
dx~~ dx dy' y ~~ 5 ' ~ ,J ' 

Suppose that x increases from - to : then, if at the same 
time y increases from - to 0, y' must, by Art. (69), have 
always the sign. + ; while, if y decreases from + to 0, y' must 
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have always the sign - : that is, if x = - 0, then x + yy' = a 
negative quantity. Next, let us suppose that x increases from 
to + : then, if, at the same time, y increases from to + 0, 
y must have always the sign + : while, if y decreases from to 

- 0, y' must have always the sign - : that is, if x - + 0, then 
x ■+ yy - a positive quantity. We have shewn therefore that, 

Dz 

as x increases through 0, -=- always changes sign from - to +, 

ax 

whatever be the value of y'. Hence x «= 0, y = 0, correspond to 

a minimum value of z, namely zero. 

We might have treated this example more easily in the 
following manner. 

I ... . Dz 

Since (x* + y 2 ) is essentially positive, we may instead of - take 

Dv 

Dv 

— being a function of x> y $ y', which has always the same sign 
ox 

as -r— . Putting 
ax 





dv 






— = x = 0, 
ax 




and 


dv 

Ty = * = «> 




we see that 


<Pv d*v = - 
da? ' dxdy 


d'v 
dy> ~ U 


Hence 


d\ d 2 t> ^ ( d*v y 
dz* dy* \dxdy t 


)' 



72 J2 

and — r y — 5 9 nave eacn a P os itive sign. Hence x = 0, y = 0, 
dx dy 

correspond to a minimum value of z. 

The existence of maxima and minima of functions of two 

independent variables corresponding to values - of the first 

partial differential coefficients of the function, was I believe 
first pointed out by M. J. Bertrand in Liouville's Journal de 
Mathematiques, torn. vin. an. 1843, p. 155. 
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Application of Indeterminate Multipliers to Problems of Maxima 

and Minima. 

81. Let u -f(x, y, z, . .. .), 

a function of n variables x, y, z, . . . . connected together by m 
equations 

/,foy>*, — ) = o,f 2 (x,y, *,....) = 0, 

/ 3 0> y> z > ) = 0, f m (x, y, z, ) = : 

there will accordingly be n - m independent variables. That 
u may be a maximum or minimum, we must have Du =■ 0, sup- 
posing that we confine ourselves to those maxima and minima 
which do not correspond to infinite or indeterminate values of 
the partial differential coefficients. Hence 



-£-dz+-£dy+-^-dz+ = 0.. 

ax ay dz 

The equations connecting x,y,z,.... give also 

4 1 dx + -£ dy + -£ dz + . . . . =0 
ax ay dz 

d £faAdyAdz + .... = 
dx dy dz ) 



0). 



(2). 



df J df , df T 

■^dx + -^dy +^-*dz+ .... =0 

dx dy dz ' 

After eliminating m of the differentials dx, dy, dz, .... 
between (1) and (2), m + 1 differential equations in all, we 
must equate separately to zero the multipliers of the n - m 
remaining differentials which are entirely arbitrary; the »- m 
equations thus obtained, together with the m equations con- 
necting x,y,z, .... will enable us to find the systems of 
values of x,y,z,.... which will render u a maximum or 
minimum. It will then be necessary to ascertain whether 

— r becomes, by the substitution of these values, negative 
dx 
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in the former and positive in the latter case, whatever relations 
be supposed to subsist among the n - m arbitrary differentials. 

7V 

This examination of the sign of -7-j will usually involve very 

embarrassing computations : it frequently happens, however, es- 
pecially in the applications of the theory of maxima and minima 
to questions of geometry and natural philosophy, that the exist- 
ence of maxima and minima is certain from the nature of each 
particular problem, our only object being to ascertain the 
precise circumstances of such critical values. Under these 

circumstances, the examination of the sign of -r-r , or, more 

dxr 

generally, so as not to exclude cases where — = 00 or - , the 

ax 

investigation whether -=— necessarily changes sign as x passes 

CLX 

through the critical value, becomes unnecessary. 

The elimination of the arbitrary differentials may be ef- 
fected very elegantly by the method of arbitrary multipliers. 
Multiply the equations (2) in order by the arbitrary quantities 
Xj, A 2 , A 3 , .... \ m , add the resulting equations to the equa- 
tion (1); and then equate to zero the coefficients of all the 
differentials in the final equation. The legitimacy of this 
process will be evident when it is considered that by equating 
to zero the coefficients of the first m differentials we subject 
the m arbitrary factors A,, A 2 , A,, • . . . A m , to only m conditions, 
the coefficients of the remaining n - m differentials being also 
necessarily zero by reason of the independency of these diffe- 
rentials. We thus get n equations 

#*+A ^£ + A ^+ +A ^ = 

dx 1 dx a dx * " * " m dx 

— — h A, — — + A- — — \- • • . . + A^, — ~ = 0, 
dy l dy 2 dy m dy 

d f+\ d fi + \ d f*+ .A <^-o 
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We have therefore in all n + m equations involving the 

n variables x, y, z> and the m arbitrary multipliers 

\> \> \> • • • • ^m : whence #, y, z, . „ . . and therefore u may 
be determined. 

Ex. 1. Suppose that 

u = x 2 + y t + z 2 + , 

and that the variables x, y, z, ... are connected by the equation 

ax + by + cz + . . . . = A, 

a, b, c, ... .A, being constant quantities. Then, by the theory 
laid down, we have 

x + a\ = 0, y + b\ = 0, z + c\ = 0, . . . . , 
which equations are equivalent to 

5-f-'- a). 

a b c 
Hence, by the ordinary theories of proportion, 

— y~ = — = ^ + y 3 + z% * •• • • a 

a 2 " b 2 c 2 " a 2 + b* + c 2 4 . . . . " a 2 + i 2 + c 2 + . . . . ' 

andalso - - £- - t - - s 2 + y 2 + s 2 + . .. . _u. 

ax by cz ax + by + cz + . . . . k 

• w u 2 

hence -5 — ^ ^ «= — , 

a 2 + 0* + c 2 + . . . . A 2 

A 8 



or « = 



a 2 + J 2 + c 2 + . . . . 

We may easily satisfy ourselves that this is really a minimum 
value of u In fact there is, identically, 

(a 2 + b 2 + c 2 + ) . O a + y 2 + s 2 + ) 

= {ax + by + cz + . . . ./ + (bx - ay) 2 + (as - azf + . . . . , 

and therefore 

_ k 2 + (bx - ay ) 2 + (ex - azf + . . . . 

2 12 2 9 

a " + 6 + c + . . . . 

which shews that the inequality 

A 2 

a + + c + , . . . 
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is verified for all values of x, y, 2, . . . . which do not satisfy 
the relations (1). 

Ex . 2. To find the maximum or minimum of the function 

u = x'y'z' . . . . , 

where p, q, r, . . . . are all positive quantities, the variables 

*t y. *» . ■ . . being subject to the equation 

ax + by 4 cz + .... »i. 

In this case we have, putting D log a = — = 0, 

pdx ^qdy + f& + =0 

x y z 

and adx+bdy + cdz + .... =0, 

and therefore 

£ + Xa = 0, 2 + Xi = 0, T + x«-0, , 

x y z 

whence JL„L a L = .... = P + 1 + '+-— i 
ax by cz k 

*-*, * , 

a p + g + r + .... 

_ q k 

ya b'p~Vq~T7V77.~.' 

r ' k 

z = -. , 

c p + q + r + , .. . 



We have also 

-D« pdx qdy rdz 
u x y z 

and therefore, considering dz, dy, dz, constant, while 

x, y, z, . . . . are supposed to vary, as we are at liberty to do in 
this example because there is no equation connecting the general 
values of x, y, z,. . . , and their differentials, 

£-(2J--'(?M3f-'(7J- 
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or, since Du = 0, 

which shews that D^u is essentially negative. The values of 
£> V> z i • • • • therefore, which we have found above, correspond 
to a maximum value of u. 

Ex. 3. To find the minimum value of 

u = a? + y 2 + z 2 (1), 

z, y, z, being subject to the conditions 

ax + by + cz = 1 (2), 

a'x + b'y + c'z = 1 (3). 

It is evident that there is a minimum value of u, for if 
we were to suppose u = 0, then we should have x = 0, y = 0, 
z = 0, which values of the variables are incompatible with the 
equations (2) and (3). 

Differentiating (1), (2), (3), and putting Du = 0, we get 

xdx + ydy + zdz = 0, 

adx + bdy + cdz = 0, 

a'dx + Vdy + c'dz = : 

multiplying these three equations in order by 1, X, V, adding, 
and equating to zero the coefficients of the differentials, we have 

x + Xa + XV = (4), 

y + Xi + X'i' = (5), 

z + Xc + XV = (6). 

Multiplying (4), (5), (6), by x 9 y, z, respectively, and adding, 
we get by virtue of (1), (2), (3), 

w + X + X' = (7): 

multiplying them by a, i, c, and adding, we get 

1 + \(<? + V + c 2 ) + \'{aa' + bb' + cc) = ... (8): 

multiplying them by a 9 b\ c, and adding, we get 

1 + \(act + bb' 4 cd) + X'(a* + b' 2 + c") = ... (9> 
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From (8) and (9) we have 

= aal + b V + cc' - (a 2 + b % + (?) 

+ \'{(W + M' + cc') 1 - (a 2 + i 2 + (?) (a* + 5" + c*)} 
and = aa' + bb' + cc' - (a' 2 + 4* + c 2 ) 

+ X {(aa' + W + cc'j 2 - (a 2 + b 2 + (?) (a* + b n + c% 
whence = - (a - a') 8 - (4 - £') 2 - (c - cj 

+ (X + V) {- (aJ' - a'*) 8 - (be' - J'c) 2 - (ca' - c'a) 2 }, 
and therefore, from (7), 

(a - a') 8 + (b - J') 8 + (c - c') 2 



u = 



(a4' - a'i) 8 + ( be' - J'c) 2 + {ca' - c'a) 2 * 



( 128 ) 
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CHAPTER VII. 



DEVELOPMENT OF FUNCTIONS. 



Taylor's Theorem. 

82. Let y -f{x\ and when for x we substitute successively 

x + &r, x + 2&r, x + 3&r, let the corresponding values 

of y be denoted by y l9 y a , y 3 , Then, by Art. (46), we 

have 

y» =A x + nSx ) = y + y *v + n i 2 s?y + — + 7 **~ Iy + S " y ' 

and therefore, putting nhx = A, 



1.2 V w/ S# 2 



^(..ilf.-yw,.... 

1.2.3 \ n) \ n) ox' 

1.2.3. ..n V W \ */ \ n) \ n J ha* v * 

Suppose now the increment-&£ to be indefinitely diminished, 
the number n being at the same time indefinitely increased, so 
that the product nix - h may remain equal to a finite quantity. 
The number of the terms in the right-hand member of the 
equation will be indefinitely increased, and the ratios 

*/(*) *•/(*) »•«*) 



Bx ' &r' ' ha? 



> c\ « > • • • • 
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will converge to the limits 

df{x) tPf(s) <Pf(z) 

or /'(*), /"(*), /"*(*),.... 

moreover the fractions 

n 

n) V n/ • 



'-3(-s)(-r'. 



-i)(-S('-l)--(-4 i ). 

(where r is any positive integer less than n, which remains 
constant while n increases,) will all converge to unity. Hence, 
whatever be the magnitude of r, and whatever value be assigned 
to A, n may be taken so large that the sum of the first r + 1 
terms of the second member of the equation (1) will approach 
without limit to the expression 

/m ♦ \rv> * £/'<*> ♦ ilgrw.... ♦_±_ r »...(»). 

We suppose that all the fwictionaf(z),f(z),f ,, (z) 9 f''(z),. . . . 
j*(x)9 have finite values, an hypothesis without which the pre- 
ceding reasoning would be inconclusive : in fact the product of 
the expression 

A r fr/(«) 

1.2.3 r &xT 

in (1) and the defect of its coefficient from unity, would assume 
the form x oo , a quantity not necessarily zero. 

We are not at liberty, from the conclusions already estab- 
lished, to regard the function f (x + h) as equivalent to the sum 

K 
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of the series (2) continued to an infinite number of terms. For 
the (v + I)* term in the series (1), supposing v to be a number, 
between r and n, much greater than r, and, in fact, comparable 
with #, will not converge to the expression 

1.2.3.... v f "^> 
because the factor 



1 



-;)H)H)--(-^) 



will not converge to unity, but, in fact, for values of v very nearly 
in a ratio of equality to n, will be reduced to zero. 

We may however always suppose that 

fix + A) -/(*) + \f\x) + ^rw + ^/'"c*) + . . . . 

1.2.3 ...r^ v J ' 

R r being an unknown function of z and A. If we determine 
the conditions that R r may lie between limits, which, as r in- 
creases indefinitely, become less than any assignable quantities, 
we shall have thereby ascertained the conditions under which 
the function f(x + A) may be considered to be equivalent to 
the series (2) continued to infinity. 

83. With this object in view, we remark that, if a function 
$(A) is equal to zero when A = 0, and if its derivative <f> l (h) 
retains always the same sign between the limits 0, A, without 
passing through infinity, the function (A) will have always for 
this interval the same sign as 0'(A). For 

<f>' (A) - the limit of ?^, 

and therefhre 80(A), when 8 A is indefinitely small, must have 
always the same sign as 0'(A) SA, that is, 0(A) must, with the 
continuous increase of A, be continuously increasing or continu- 
ously diminishing accordingly as 0'(A) is positive or negative, 
but, by hypothesis, <f> (A) = when A = ; it follows therefore 
that ^(A) must always have the same sign as 0'(*)« 
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Suppose now that we assume, as we are evidently at liberty 
to do, that 

\fj being a symbol of unknown functionality. It is manifest then 
that we shall have determined inferior and superior limits to the 
value of E r , if we ascertain two quantities P, Q, such that, for 
all values of A, 

/(* + *)- {/(*) + */*(«)+ £3 /"<*)+ iXi f '" (x) 

A r A r+1 1 

+ ....+ - /'(*) + —, : . P\> 0, 

1.2.3...r y v J 1.2.3. .. (r+ 1) J \ 

+ •••.+ — /'(*) + -; ^ ;.q)<0, 

1.2.3... r J v y 1.2.3 ... (r + 1) J i 

Let ^j(A), #,(A), represent the former members of these two 
inequalities : the functions ^(A), #,(A), both vanish when A « ; 
hence, from what has been said above, we know that the inequa- 
lities will be satisfied if we have, for all values of A, 



or 



+ ** -^/'(*) + — . pI > 0, 

1.2.S ... (r - iy v ' 1.2.8 ...r J . 

/'(* + *) -{/'(*) + */" (*) + ^/"'(*) + -.. • 

+ i*».*r-i) -^ ( ' ) +idb;- } < ° 

But 4>i(h), 0a (A), are also functions of A which vanish when 
A = : hence the inequalities (4), and consequently the inequa- 
lities (3), will be satisfied if 

♦,"(*)> o, *"(*) <o, 

K2 
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or 



+ 1.2.3...(r-2)' / W + 1.2.3...(r-l) ,jf / > ' 
+ 1.2.3^-2) -^« + 1.2.3^r-l) - Q } < °; 



. . . (5> 



(6). 



Continuing this reasoning, it is evident that after r + 1 suc- 
cessive differentiations, we shall arrive at the inequalities 

f r + l (z + h)-P>0-\ 

f" l (x + h)-Q<0) 

Now these final inequalities, and consequently the primitive 
inequalities (3), will be satisfied, if we assign to P and Q 
respectively the least and the greatest value assumed by the 
derived function ^ r+1 , x 

for the values of z which lie between x and x + A. Hence 

denoting an unknown numerical quantity lying between 
and 1. 
Hence we finally conclude that 

Now, if the numerical values of the function f r+l (z) never 
exceed a certain finite magnitude X, for all values of z from 
* = x to z = x + h, and for all values of r the index of dif- 
ferentiation, it is plain that 

R < x : 

r 1.2.3 ...(r+ 1) 

and then, whatever be the value of A, we may always take r so 
large that R r may become less than any assignable magnitude. 
Hence, in this case, the function f{x + K) will be equal to the 
series (2) continued to infinity, or 
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/(* + A) -/(») + \f'(z) + ^/'(*) + ^/'"C*) + -. 

This formula is commonly called Taylor's theorem, after the 
name of its discoverer, Brook Taylor ; it was published in the 
year 1715, in his Methodus Incrementorum. 

Another Demonstration of Taylor's Theorem. 

84. By the application of the elementary principles of inte- 
gration, a demonstration of Taylor's formula may be given, 
which has the advantage of determining not only the limits of 
i? r , but also its actual value expressed by a definite integral. 
The student may pass over this demonstration until he has 
become acquainted with the Integral Calculus. 

Whatever be the function f 9 provided that it remains con- 
tinuous between the values of the variable designated by 
x and x + A, we shall have 

/(* + *) -/(*) - ("/'(*) • dx. 

In order to express more clearly the distinction between the 
general value of x under the sign of integration, and the value 
of x which enters into the expression of the limits, we may write 

/(*+ A) -/(*)=PV (*')•<**'> 
or, putting x = x + A - z, and therefore dx' = - dz 9 
f(x + A) -/(*) = -£f(x + h-*)dz 

= [ /'(* + * - *) dz. 

Jo 

But, integrating by parts, 

f k f(x + h-z)dz = hf\x) + [ zf\x + A - z) dz; 

Jo Jo 

A f* 

hence f(x + A) =f(x) + - f'(p&) + I zf(x + A - z) dz. 

1 Jo 

Again, integrating by parts, 

f zf\x + h-z)dz = ± h % f'(x) + I P *■/'"(* + A - *) dz; 

Jo Jo 
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hence 

/(* + *) =/(*) + f /'(*) + ^/"(*) + o///'"(* + h " *) **■ 
Similarly we may shew that 

and generally, by a series of successive steps, we see that 
/(* + h) =/(*) + \f'(x) + £/•(») + j^g/'-C*) + -. 

Now, supposing P and Q to represent the least and the 
greatest value of the function 

/-or + *-*), 

for the series of values of z comprised between and A, it 
is evident that we shall have 

f*f*(* + h-z)dz> [p f*dz = ^—\ 

and <|QrV<fe = ^^|. 
It appears therefore that the value of R r falls between 

Phr* and Qhr 1 



1.2.3 ... (r + 1) 1.2.3 ... (r + 1) * 

and that moreover 

which gives the actual value of U r . 

Cauchxfs Expression for R r . 

85. Putting z for x, and then replacing h by x - z in the 
formula (7), we get 
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/(*) -/(*) + x -^f(*) + ( ^f-f(*) + • . . 



1.2,0 ... r 



where (*) = , o ( * f* ^ /"' {* + (* - *)}. 
rv y 1.2.3 ... (r + 1)' L ' 

When r = 0, the formula (8) gives 

6j denoting a number between and 1, not generally the same 
as : hence, replacing f by 0, and observing that, by (8), 
(x) = 0, we have 

- $(z) + (a? - z) $'{z +O x (z-zj} (9). 

Again, by differentiating (8) with regard to z, we have, can- 
celling terms in the result which destroy each other, 

whence, putting z + X (z - z) for z, 

l.Z.O ... # 

Consequently we have, from (9), since <j>(z) =» 0, 

(s) . ( i - o,r (* - *r l tf r« ^ + a (* . 3)}, 

rw 1.2.3... r y l * yj 

and therefore we may replace, in the formula (7), the expression 
for the remainder M r , viz. 



>fi 



1.2.3 ... (r + 1) 
by this equivalent expression 



.f* l (z + 0h), 



l.z.o ... r 



— B1H Xy • • • • , 
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Examples of Taylor's Theorem. 

86. Ex.1. Let f(z) - log x. 

Then 
dfjx) 1 d*f(x) J_ rfypg) _ _2 rf 4 /Q ) 2^ 
<fe J* dx % ~~x" ~lfir~a?' dx 4 " S 4 "*" 

and therefore 

/(« + A)-log(* + A)-log* + *-£ + £-A. + .... 

Ex. 2. Let yOc) = sin x : then 

• sL j~* m cos x, %\ = - sin s, — 4nr^ = - cos #, 
ok da? do? 

<*y (*) _ -; 

efo* 

and therefore 

A A' A 8 

/(a: + A) = sin (x + A) = sin x + - . cos x sin a: . cos x 

J ' y 1 1.2 1.2.3 

+ sin x - &c. 

1.2.3.4 



Failure of Taylor's Theorem. 

87. In the demonstration of Taylor's theorem we have sup- 
posed that the function f(x) and its derivatives are all of them 
finite. If, for a particular value a of x, this should not be the 
case, the theorem then becomes inapplicable, or is said to fail. 
Suppose for instance that f{x) involves a term of either of the 

following forms 

<j>(x).(x-a)* (1), 

*(*).(* -ajr* (2), 

m and n being positive integers, and co a proper positive frac- 
tion. 

In the case of the form (1), f(x) itself becomes infinite when 
x = a, and, in the case of the form (2), all its derived functions 
after the »*. These two forms comprehend the only cases of 
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failure which can present themselves in ordinary algebraical 
functions. 

Suppose that x = a + A ; then 

9 Or) . (x - a)' m = <p (a + A) . A** 



{♦(«) + * ♦'(«) + ^ *"(«) +....] *-, 



which shews that a failure of the theorem, due to a term ia/(x) 
of the form (1), corresponds to the existence of negative powers 
of A in the true development of f (a + A). 

Putting x = a + A in (2), we see that 

0(a?) . (x - ay m 0(a + A). A" 



»»«•«> 



=[*(«)+*#'(«)+ ^ ♦"(«)+....} * 



{■ 



n*ea 



which shews that a failure, arising from a term of the form (2), 
corresponds to the existence of fractional powers of A in the true 
development of f(a + A). 

88. When the first derived function of f{x) which becomes 
infinite for the particular value a of x, is of the (r + 2^ order, 
we may employ Taylor's development provided that we do not 
carry it beyond the term involving A r , and that we take care to 
preserve the remainder M r which may be evaluated by the 
formula of Art. (84), a formula which is always applicable when 
the (r + l)" 1 derivative, as we are now supposing, remains finite 
between the limits. 



Lagrange 9 s Theory of Functions. 

89. The extreme generality of Taylor's series had for a long 
time attracted the attention of analysts, when Lagrange con- 
ceived the idea of adopting it as the basis of a theory of func- 
tions, the object of which was to arrive at the conclusions of the 
differential calculus without introducing the idea of limits or 
infinitesimal quantities. We will give a brief sketch of the 
general system of Lagrange, which has been, until within the 
last few years, so generally adopted in elementary treatises. 
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Lagrange assumes, in the first place, that any algebraical 
function f(x + A) can be developed in a series of the form 

f(x) + ^O) . A* + <j> 2 (x) . hfi + <j> z (x) . A 7 + 

He then proceeds to shew that, from the algebraical nature 
of functions, these powers of A can neither be fractional nor 
negative, so long as z and A remain general in form. He 
remarks that, if the series were to involve a fractional power 
of A, this term would have several values, and that accordingly, 
for a single system of values of z axidf(z), the function f(z + h) 
would have several distinct values ; a conclusion which cannot 
be true for all values of x and f(z), precisely as, to borrow an 
illustration from algebraic geometry, it is impossible that all the 
points of a curve should be multiple points. Again, if the 
series were to involve negative powers of A, he observes that 
the corresponding terms would become infinite when A = 0, and 
that consequently f(z) would be always infinite, which is im- 
possible, except for particular values of z. 

From the above reasoning, then, he concludes that the 
development of f(z + A) is expressed in a general form by 
the equation 

fix + A) = f(z) + A 0,0) + A 2 4>lz) + A 8 <f>lz) + 

The coefficient tp^z) of A, Lagrange calls the derived function 
or derivative of f(z), and represents by the expression f'(x). 
Having thus defined the method of derivation, he determines 
without difficulty the law by which the functions <p 2 (z), # 3 (a0,. . . 
are derived from f'(z), and thus arrives at the formula of Taylor, 

/(* + h) =/(*) + J /-(*) + ~ fix) + J!L /» + ...., 

each of the successive functions f'(z\ f"( x )> f'"( x )>* • • .being 
derived from the preceding just as f'(z) is derived from f(z). 
These functions are termed the first, second, third, &c. deriva- 
tives of f(z), the order of derivation being indicated by the 
dashes. 

If then in the elementary functions z m 9 log z 9 sin z, &c. we 
substitute x + h for x, and then expand, by the ordinary pro- 
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cesses of algebra, (x + A)P, log (x + A), sin (x + A), &c., in series 
ascending by positive integral powers of A, the coefficients of the 
first power of A in these developments will be the first derivatives 
of a" 1 , log x y sin x 9 &c. The second derivatives may in the same 
way be derived from the first, and so on indefinitely to higher 
orders of derivation. The derivatives of composite functions, 
which depend upon those of the elementary functions, may then 
be determined. 

The theory of functions therefore, according to the method 
of Lagrange, resolves itself into a mere algebraical system, to 
the exclusion of what he considers to be the extraneous idea 
of infinitesimals or, in the language of Newton, fluxions. For 
the complete development of this theory the reader is referred 
to Lagrange's two systematic Treatises, entitled Thiorie des 
f (motions analytiques and Legons sur le calcul des J hnctions. 

Within the last few years the logical value of Lagrange's 
system has been called into question by all writers of authority 
both in France and in England. The chief objections to his 
method may be arranged under four heads. 

(1) All inductions drawn from developments in the form of 
divergent series are devoid of solidity, and frequently, as may 
be ascertained from actual instances, lead to erroneous results. 
It would appear therefore that Lagrange's method, as involving 
the consideration of series without regard to convergency, is not 
entitled to the reputation, which it originally possessed, of being 
rigorously logical. 

(2) The hypothesis \hvitf(x + A) may be expanded in a series 
by positive integral powers of A, restricts the application of 
Lagrange's system to the ordinary functions of algebra, whereas 
the general theory of limits embraces all continuous functions 
whatever, and involves a code of doctrine which exists inde- 
pendently of its application to any subordinate science. 

(3) In the application of the theory of functions to geometry 
and natural philosophy, the idea of limits cannot really be 
avoided, although it may be disguised by the artifices of algebra. 
The doctrine of limits on the other hand, as explicitly involving 
in an abstract form essential principles of our conceptions of 
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curvature and of motion, lies in immediate contact with its most 
interesting applications. 

(4) When the remainder 22 r keeps indefinitely diminishing 
without limit as r increases, Taylor's series is convergent ; the 
converse proposition is not, however, generally true. The 
theorem therefore, regarded as an indefinite expansion, fails 
to express the true value of f(x + A), not only whenever the 
series is divergent, but also, which constitutes a still greater 
limitation, whenever 22, does not diminish indefinitely with the 
increase of r. 

Stirling's Theorem. 
90. If in the formula of Taylor we put x = 0, we get 

/(h) -/(o) + \ ./(o) + iL/»(o) + ^/"(o) +...., 

or, putting x in place of A, 

/(*) =/(0) + f ./'(0) + ^/"(0) + JL- /'»(0) + . . . . 

This theorem enables us to expand any function of x in a 
series ascending by positive integral powers of x. 

Its demonstration was given by Stirling in a work entitled 
Methodus Differentials , London, 1730, p. 102. The theorem 
was afterwards given by Maclaurin in his Treatise of Fluxions, 
Edinburgh, 1742, p. 610; and is now generally called Mac- 
laurin's theorem. It is in fact, as we see from the demonstration 
given above, merely a particular case of Taylor's theorem. 

Stirling's series, as well as Taylor's, from which it has been 
deduced, ought to be completed by a remainder. 

Let 22/ represent the remainder, when we stop at the (r + 1)* 
term of the development : then 



/(*) =/(o) + =•/'(©) + ^/"(o) + j^rxp) + 



*' 



— . /*•((>) + r;, 
1.2.3 r J K ' 
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the value of B r ' being given in the form of a definite integral by 
the equation 

JK/ = f '$rf* (x - z) dz, 

1.2.3. ...r Jo 

a formula derived from the expression for R in Art. (84), by 
first putting x = 0, and then replacing h by x in the result. 

Again, the limits between which JR r ' always lies, are 

and 



1.2.3 (r+ 1) 1.2.3 (r+ 1)' 

P 1 , Q, denoting respectively the least and the greatest values 
of f r * 1 (x - z), or, which amounts to the same thing, of /^(s), 
between the limits z » 0, z « x. 

If 0, 0,, represent certain unknown numbers comprised 
between and 1, we shall have also for 22/ the two expressions 

*' ■ ...... S + .) •/■*<«• *' - ( Tiz^ •/"«* 



Examples of the Application of Stirling 9 s Theorem. 

91. Ex. 1. Suppose that f(x) = a*. 

Then 
/'(*) = log a . a-, /"(*) = Gog a) 8 . <f, /'"(*) = (log a) 8 . «-,. . . . 

hence, putting x » 0, 

/'(0) = log a, /"(0) - Gog a) 1 , /"'(0) - (log of, 

We have then, by Stirling's theorem, 



af 



+i 



+ ^— f 7x • (log a) r+1 . a**. 

1.2.3 (r+ 1) v 5 J 

The remainder 

{* log (a)}" 1 ^ 

1.2.8. .. .(r + 1) * 
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which is equal to 

x log a x log a x log a xloga ^ 

1 2 3 r + 1 

will evidently approach without limit to zero, when r becomes 
indefinitely great, whatever be the value of x. Hence we are at 
liberty to put 

<f =» 1 + j log a + iL (log aj + ^-j Gog a) 8 + , 

the series being supposed to be carried on to infinity. 

Ex. 2. Let f(x) - log O + 1) : 

then 

/'(*) - (* * \y\f\x) - - (* + ir,/'"(*) = (-)•• 1.2 (* + ir,... 

and generally f r (x) = (-J* 1.2.3 (r - I) . (x + l)"*; 

whence 

/(o)=o, /'0)-i, /"(o) = -i, /"'(o)-(-y.i.a,...., 

/'(0) = (-r I . 1-2.8. ...(r-1). 
Hence log (* + 1) = | - - + ^ - 4 (-)- 1 - 

r + 1 

If a; be positive, then the expression i? f will diminish without 
limit with the increase of r, provided that 

X r\ 1 

- < 1, a? < 1 + Ox, x < — ^ : 



1 + Ox ' ' 1 - 

but 1 is evidently the least value of ^ : hence, if x have any 

positive value between and 1, 

m - . iJQ Jf Jf 

log (x + 1) = + , 

© v y 1 2 3 

the series being prolonged to infinity. 

If # be negative, let - z represent its value : then 
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and, in order that we may be sure of the propriety of regarding 
the series for log (x + 1) as infinite, we must have 

< 1, z < 1 - Oz, z< 



1-0* Xf ~ * w ' 1 + 0' 

hence we are obliged to suppose that z is < $, or that the nega- 
tive values of x are comprised between - \ and 0. 

If however we take the other formula for J? r , we see that 

R r = (-)-» (i _ e x y. (i + e.xy 1 or 1 



- <-r a - »,)•'. (jr$y. 



if we put x = - z. Then the expression 

1- 0* 

will be less than unity, provided that 

z - 0j* < 1 - X «, or * < I. 

Thus we see that the latter formula for U' f allows a greater 
range of negative values for x than we could have inferred from 
the former. 

If then x have any value comprised between the limits - 1 
and + 1, we know that 

X X X X 

4 



log (x + 1) « - y - - + j ' t + > 



supposing this series to be continued to infinity. 

Ex. 3. Let f(x) = sin x. 

Then f(x) = cos ^ /"C^O * ~ s ^ n ^ f'"( x ) - - cos a:, ... 
whence /(0) = 0, /'(0)»1, /"(<>) =0, /'"(0) = - 1,... 
and therefore 

JK J 1 1.2.3 1.2.3.4.5 " 
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where 




*'"l.2.8....(r*l) ( > "" <(te) 











1.2.8 (r+1) 

igly as r is odd 01 even, 
these expressions it is plain that, when r = a> , 

t be the value of x. 

e, generally, whatever be the value of x, 

x x* z* 

sin x = y • - . . . . , 

1 1.2.8 1.2.3.4.5 

;s being regarded as infinite. 

night prove in the same way that, whatever x be, 

cos X = 1 - — + . . ., , 

1.2 1.2.3.4 

likewise infinite. 

I. Let /(«) = (« + *)". 

f'(x) - m(a + xT' 1 , /"(*) - m(m - 1) (o + x?*, 

f"(x) - m(m - I) (m - 2) (a + xf-* 

f(x) - i»(m - 1) (m - 2) , . . . (m - r + 1) . (a + xy": 
/TO) - o",/(0) - m a~', /"(0) = m(m - 1) a"\ 

P"(0) = *»(>»- l)(m- 2).o" a , 

f'(0) - m(m - 1) (m - 2) . . . (» - r + 1). a--, 
e therefore 

1 1.2 

OT(ffi-l)(m-2) _, J 

+ IXs ° .*" + .... 

wi(ct- l)(m- 2) . . . . (m - r + 1) 

+ 1.2.1 77. . f ° " * + & 
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where JR,' = ™(™ - *)(™ - 2) . (m - r) . (a + exT^^ 1 
r 1.2.3 (r + 1) 

q m(m-l)(m-2)....(m--r) / jrV\ (a + tor 
1.2.3 (r+1) \a+0zj 

Suppose that # = a positive quantity : then, in order that U f ' 
may become zero, when r is made indefinitely great, since, as 
may easily be seen, 

m (m - 1) (m - 2), . . .(m - r) 
1.2.3. . . (r+1) 

is not infinite, it is sufficient that 

< 1, x < a + to, a; < 



a + ftr ' ' 1-0' 

and therefore, a fortiori, that 

a; < a. 

lix be negative, it will be convenient to have recourse to the 
second formula of Art. (90) for J2 r ', which gives 

R; _ m(m-l)(m-2).„.(m-r) (1 _ ey (<| + ^^ ^ 

or, putting - z for #, 

U ' = m ( m " l)(m-2) (m-r) fl x 

1.2.3 r ' K l) ' 



{ 



-z i" 1 



Hence MJ will be reduced to zero, when r becomes indefinitely 
great, if 

Hence*, for all values of x comprised between - a and + a, 

/ \m m m m-\ m (m - 1) __ 2 8 m(m-l)(m-2) . , 
(g + x) m = a m + — a ml x+ v — -a m V + — ^ J -a m *a? 

1 1..2 1.2.9 

+ ad infinitum. 

1 
I Ex. 5. Let /(*) - *(*) + i* ; 

and suppose that ¥(#) is a function the development of which, 
f j. by Stirling's theorem, may be continued indefinitely. 

L 
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Then /'(*) = *'(*) + p • «" *" , /'(0) = ♦'(O), 



1 

the derivatives of e «■ being all zero when # = 0, as will be evi- 
dent when we consider that 

-^ , when x = 0, 
a*" 

or — , when z = 00, 



a* n 



is equal to zero for all positive values of m and n, a being any 
positive number greater than 1. Thus we see that in this 
example Stirling's series for the development of f(z), when 
continued indefinitely, is convergent, and yet that it does not 
give for f(z) a true value. In fact it makes the development 
of f(z) the same as that of V (z), from which it would follow 

that € ** =* for all values of z. This shews that the mere con- 
vergency of the series, although necessary, is not sufficient for 
its truth, there being an additional condition, viz. the con- 
vergency of the remainder R r ' to zero. 

Extension of Taylor 9 8 Theorem to Functions of two Variables. 

92. Suppose that in the function f(z, y), z and y are replaced 

by z + A and y + k ; our object is to obtain a development of 

the Junction 

f(z + A, y + k) 

by ascending powers of the increments h and k. 
Putting A = aA', k = a#, we have 

/Or + A, y + k) -/(« + aA', y + ak'), 
which is a certain function of a, which we will denote by <p (a). 
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By Stirling's theorem, 

♦ GO -♦(©) + J • ♦'(©) + ^ *"(<>) + y^ ♦ w '(o) +. . . .(i). 
Now 

; (a) = -j-f{x + aA', y + a#) . A' + 3~/(^ + «A> y + nk') . A', 
a# ay 

or, to adopt a more concise notation, 

«■' - * £ ♦ * f : 

differeMUtbg .gam, 

for a third differentiation 

and so on indefinitely, the law of derivation being obviously in 
accordance with the binomial theorem : we thus have, generally, 

<fe* 1 <fa" 'rfy 1.2 «&""*rfy* 

+ * dp 
From the expressions for 0(a) and 0*(a) it is plain that ^(0)=/, 
where/* is used to represent f(x, y), and 

*.(0) = h" & + n - A'-*' -%- + ^-i> *«*• -jigL + . . . . 

+ *"?• 

«y n 

Hence, from (1), substituting for ^(0), 0'(°)> ♦"(<>)> their 

values, and replacing aA', afc, by A, A, respectively, we have 

/(* + A, y + A) 

ok </y 

1.2.3 \ <fc 3 cfcWy cforfy* dy* 

4 &c (2), 

which is the required formula. l 2 
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The formula (2) may be expressed more briefly by the aid of 
the separation of the symbols of differentiation from those of the 
function upon which they operate. Thus 

dx dy \ dx dy) 

dx % dzdy dtf \ dx dy) 

the propriety of these symbolical expressions depending upon 
the principles of Art. (48), which shew that the laws of the 

combination of — and — are the same inter se as those of two 

dx dy 

symbols of magnitude. 

"We accordingly see that 



/(* + A, y + *)-/ + (AiL + A-*y 



1.2 \ dx dy) J 1.2.3 V dx dyj J 



-«*****/ (3). 



Since h and k are any quantities whatever, we may put h = dx, 
k = dy, in which case 

T d hd_ y yd kd„ y 
A -7- = — - = d , k — =3 — * = d ; 

dx dx * dy dy * 

whence there is 

f(x + dx,y+ dy) = ***+**./. (4) ; 

or, since d g + d p = D> D denoting total differentiation, 

f(x + dx, y + dy) = e D .f (5). 

Cor. The method of development which we have applied to 
a function of two variables may obviously be extended to a 
function of any number of variables whatever. Thus 

f(x + h,y + k, * + !,.. ..)-/= + *** , = ./, 

whence also 

f(x + dx, y + dy, z + dz, ) = f ******-- m f m 
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Failure of the Development of f (x + h, y + k) by Taylor *s 

Theorem. 

93. The development of f(x + A, y + k\ given in the pre- 
ceding article, fails for particular values of x and y, whenever f 
or any of its partial differential coefficients becomes infinite; 
this failure being consequent upon the failure of Stirling's 
theorem applied to the expansion of <j>(a)- It will likewise 
cease to be applicable for particular values of z and y, which 
render f or its partial differential coefficients essentially in- 
determinate. 



Limits and Remainders of the Development off(x + h, y + k). 

94. Let 22/ be the value of the remainder which must 
complete the series (1) of Art. 92, supposing this series to 
be stopped at the end of the (r + Ij* term; then, by Art. (90), 

22/ = ^J . f*(fia) = (1 ~ W*** . ^(Ojbl), 

r 1.2.3 ... (r + 1) Y v J 1.2.3... r Y v l J> 

0, l9 denoting certain unknown numbers comprised between 
and 1. Hence, if we stop at the term 



\ dx dyj 1.2.3 ... r 

of the series for the development of f(x + h, y + k), we must 
add the complementary remainder p r) where 

(, d , <* Y* 1 f(x + Bh, y + Ok) 
P '-\dx + dy~) • 1.2.3 ...(r+1) ' 

v l ' \ dx dyj 1.2.3 ... r 



or 



The numerical fractions 0, l9 which enter into these formulae, 
being unknown, we cannot employ the formulae for the actual 
computation of p r : they serve only in fact to determine limits 
between which the value of p r must lie. 
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The value of It,' is equal to the definite integral 
ince, for the actual determination of p„ we have 

putting = -~ , 

i>-£JK**$PK* '♦*-¥)■'* 

y analogous reasoning we might shew also, as an equiva- 
formula, that 

1.2.3...r JFJ*\ dx dyj J \ k ' * ) 

1 precisely the same way we might investigate symbolical 
mite for the remainder in the development of a function 
+ h, y + k, z + 1, ...), x, y, z, ... being any number of 

ables. 



Example of the Application of Taylor's Theorem for two 
Variables. 

j. Let f{x, y) = be the equation to a curve, f(x, y) 
g a rational function of x and y ; and let it be proposed 
tansform this equation into an equivalent one for a new 
in (., ffl. 

atting a + x, fi + y, for x, y, we have, for the transformed 
ltion > -/(- + «, (3 + y), 
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or, by Taylor's theorem, the dimensions of the proposed equa- 
tion in x and y being n, 

n , df df 1 f,d*f „ d*f , <f*/\ 
J da " dp 1.2 V da* 9 dad0 " df? J 

, 1 (^f n d'f n(n-l) d*f 

Let, for instance, the equation be 

= Aa> + JBy* + 2Csy + 2^'a: + 2^y + C" : 
then /= Ac? + BfP + 2Ca/3 + 2A'a + 2#/3 + C", 

^=2^a + 2Cj3 + 2^', 
^=2JB/3 + 2Ca+ 2#, 

dp 

%-"< &-*« %-"■■ 

the transformed equation will therefore be 

= Aa 2 + JB/F + 2Ca/3 -f 2^4'a + 2&P + C" 

+ 2#(^a + C/3 + -4') + 2y (jB/3 + Ca + #) 
+ -Ar* + JBy* + 2Csy. 



Stirling* 8 Theorem applied to Functions of two Variables. 

96. If, in the development of f(z + h> y + k) by Taylor's 
theorem, we substitute and 0' in place of x and y, where 
and 0' are used to denote zero values respectively of x and y, 
and then replace A, k, by #, y, respectively, we have 



/(*, SO =/(C 0') + (* Jj , , ^)/(0, 0' 



) 



+ J_ f * * + y -£Y/(0, 0') 
1.2 \ d0 y «?0 / r v ' 

+ — f * 4 + y -£Y/(o, 0') 

1.2.3 V rfO y rf0'/-' v ' ' 
+ &c, 
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which constitutes an extension of Stirling's theorem to functions 
of two variables. 

The expressions for the limits and remainder may be ob- 
tained at once from those for the development o£f(x + h 9 y + A), 
by |irst putting x = 0, y = 0', and then replacing A, k, respec- 
tively by x, y. 



Lagrange 9 8 Formula for the Development of Implicit Functions. 
97. Suppose that 

«=/(y) (i), 

y being an implicit function of x and z by virtue of the equation 

y = z + x<f>(y) (2> 

The object of Lagrange's formula, which we proceed to 
investigate, is to enable us to develop u in a series arranged 
by ascending powers of x 9 and which does not involve y. 

If ^(y) be any function of y, y being a function of x and z, 
then 

i{*«-S}-i{*«-2} w, 

for it is plain that each of these expressions is equal to 
Differentiating (2), considering z constant, we have 

{1 -**'<#} ;|-*(!f) (4); 

and, considering x constant, 

(i-»f(jo}|f.i («> 
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From (4) and (5) there is 

i-^-i » 

From (1), differentiating on the supposition that z is constant, 
dx J "' <fc 

-/"(») -*(s0- J. from (6). 
Hence, f'(y).<p (y) taking the place of * (y) in (3), we have 

Differentiating again, we have 

S-ra[>w-ttwr-i] 

-£[/W.W(y)}'-g, b 7 (3), 

-£ [/■&).{♦<»}•. J], by(6). 

Proceeding in the same way it is evident that we shal 
generally, 

£-£[*»-«Mr.fi. 

By Stirling's theorem, 

, , x fdu\ «■ fd'u\ if !d'a\ 

"■ w - + iUL + u{d?L* uiWL* ■ 

But from (2) and (5) it appears that y = 2, and -j- = \, 



<*9k 
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+ TZ5 £ f W- (♦WW - r^i £ CTW. W«)M - ••• W- 

In the particular case, when 

u = 2 + x <t>(u), 

or, when /(y) = y, we have /'(*) = 1, and, instead of the 
formula (7), we have 

This theorem was given by Lagrange, in the Memoires de 
Berlin for the year 1770, (see also his Equations Numeriques, 
Note xi.), as a generalization of a particular development 
obtained by Lambert for the expression of the roots of certain 
algebraic equations: Lambert's results were published in the 
year 1758. A demonstration of Lagrange's theorem, due to 
Cauchy, which involves some important reflections respecting 
the convergency of the series, may be seen in Moigno's Legons 
de Calctd Differentiel et de Calctd Integral, torn, i., pp. 162-172. 
An expression for the limits of error committed in stopping at 
any term of the series, has been given by Murphy in the fourth 
volume of the Cambridge Philosophical Transactions. 

Ex. 1. Let u = z + x sin u. 

The determination of u in terms of x and z is a celebrated 
problem in astronomy called Kepler's problem : the variable z 
denotes a quantity which varies as the time, the coefficient x 
represents the eccentricity of the elliptical orbit of a planet, and 
the variable u is an angle called the Eccentric Anomaly. 

(j)(z) = sin z t 
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— [{^ (2)}*] = -j {(sin zf} = 2 sin z cos z = sin 22, 

CtZ CLZ v 

^ I^O*)} 3 = ^•(sin«) !, = ^.Q8in2;-Jsin32;)=-jsin«+j8in32;. 
Hence, as far as the term involving 3 s , we have, by formula (8), 

X X* • . X* 

u = z + sin z . - + sin 2z . — + 2 (3 sin 3z - sin z) . + ... 

1 1.2 * v J 1.2.3 

Ex. 2. Let y = z 4 a; sin y, and w = sin y. 
Then /*(*) = sin 2, <p (2) = sin 2, f'( z ) = cos * : 
f'(z) . (2) =» sin a cos z = £ sin 22, 

f'(z) . {0 (a)} 8 = cos z . sin 8 z 

= | sin 22 . sin 2 
=» J (cos Z - COS 32), 

j z LA*) . {0 WW - J (3 sin 3z - sin 2), 
/'CO • {♦ (*)}* = cos « . sin 8 2 

= \ sin 22 . (I - cos 2z) 
= | (2 sin 2^ - sin 4z), 

J z LA*) • (0(*)} 3 ] - 2 («» 2* - COS 42), 

£ LA*) . {* (*)} 3 ] - (2 sin 42 - sin 22). 
Hence, as far as the term involving X s , we have by formula (7), 

x * JJ 8 

« = sin 2 4 3 sin 22 . — + 1 (3 sin 32 - sin 2) . — 
2 1 * v y 1.2 

a: 8 

4 (2 sin 42 - sin 22) . 4 . . . . 

J 1.2.3 



Laplace 9 8 Formula for the Development 0/ Implicit Functions. 

98. Suppose that u -f(y) (1), 

and y = F{z + x $(y)} , (2). 
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mtiating (2), considering z constant, we have 
d £. F t» + «*(y)}.{+W + *+W.gj, 
, + *♦&)}. «f (»)] -|- -F {» + **M)-*(y)-TO; 

idcring x constant, 

J-'{»-#«».{x«#rw.^|. 

■ + *♦(*)} ■■♦'(ifll'* 

3) and (4) we see that 



I-»w-2 m- 

I), differentiating on the supposition that z is constant, 



du ... . dy 



-/'(y)-*(y).J.ftom(5> 



>ntiating again, and bearing in mind the theorem estab- 
the preceding article, viz. 



ntiating again, we have 






"&■ L 
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Proceeding in the same way we have, generally, 
d n u d n ~ l 



a [/w. {♦<»>•*]. 



dx* dz* 

From (2) and (4) it appears that, y = F(z) 9 -f- = F(z) 3 when 

dz 

x = 0, and therefore 

d*u\ d ni 



dx* 7 . cfe" 



f «-0 



3 [/w*)} • [M^*)}]". *■(*)] . 



Hence, by Stirling's theorem, viz. 

, . x (du\ x 2 fd*u\ a? fd*u\ 

we have, putting for the sake of brevity f{F(z)} =f t (z), and 

which is Laplace's formula, first given by him in the Mdmoires 
de VAcad&mie des Sciences, 1777, p. 99. Lagrange's formula 
is evidently a particular case of Laplace's, from which it is at 
once derived by putting F(z) = z. 



DIFFERENTIAL CALCULUS. 



SECOND PART. 



GEOMETRICAL APPLICATIONS. 



CHAPTER I. 



TANGENCY. 



Definition of a Tangent and of a Normal. 

99. Let P, Q, be two points of a curve AB, (fig. 1), and 
suppose that an indefinite straight line H' K' is drawn through 
these two points. Conceive the point Q to move towards P; 




then the secant H'K* will keep tending towards a certain limit- 
ing position, and ultimately, that is, just as Q is on the point of 
coalescing with P, is said to be a tangent to the curve at P. An 
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indefinite straight line XJV drawn through P, at right angles to 
HK, the limiting position of H' K', that is, at right angles to 
the tangent at P, is called a normal to the curve at the point P. 

Inclinations of the Tangent and the Normal at any point of a 

Curve to the coordinate Axes. 

100. Let Ox, Oy, be rectangular axes of coordinates, (fig. 1), 
AB being a curve contained in the plane xOy. Let x, y, be 
the coordinates OM, MP, of P, and x, y , the coordinates of Q- 
Let c denote the length of the chord PQ. Then the cosine, 
sine, and tangent of the angle K' T' x, T' being the point in 
which H' K' cuts Ox, are respectively 



* -x y -y y -y 

— — , , - . 

c C X - X 

When x approaches indefinitely near to x, in consequence of 
the approach of Q towards P, then ultimately, a denoting 
the angle KTx, where T is the point in which HK cuts Ox, 
s representing the arc AP, and s r the arc AQ, 

cos a = the limit of = the limit of — . , 

c s - s c 

sin a = the limit of * ~ ^ = the limit of \^ . —^— , 

c s - s c 

tan a = the limit of ^ ^ . 

x' - x 

But, by Newton's Seventh Lemma, in the first section of the 
Principia, we know that 

the limit of = 1 : 

c 

, dx . dy A dy 

hence cos o = — , sin a = -^ , tan a = -f- . 

as as dx 

Again, ft denoting the angle PGO, O being the point in 
which the normal UVcuts the axis of x, 

a • dy . ~ dx n, dx 

cos p=sma = f , sin p = cos a = — - tan p = cot a = — - . 

as ds dy 
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We may express cos a and sin a in terms of dx and dy 

alone, without ds : thus, adding together the squares of the two 

equations 

dx . dy 

C08 a = -— , sin a = -f- , 

ds as 

dx 9 dy* 

or ds* = dx* + rfy 2 . 

xj * da? . t dy* 

Hence cos* a = — — — , sin* a = y . 

e& + dy* dor + rfy 2 

Again, supposing the equation to the curve to be 

u = 0, 
we have, by differentiation, 

du j du r 

— dx + — dy - 0, 

ok »y 

and therefore <fo : tfy :: - -7- : — , 

dy dx 

dtf 

whence sin',3 = cos' a = ^ ^ = ^L-,, 

" — + — 

w f , a ;„* „ _ <¥ dx* 

dz? + dy* dtf dtf' 

dx* dy* 
du 

cot ft = tan a = -^ = - ^L . 

rfy 

Ex. To find the inclination of the tangent at any point of an 
ellipse 






to the coordinate axes. 



M 



L 



162 



TANGENCY. 



Here 



Hence 



COS a = 



a sb 

du _ 2x du 2y 

dx c?' dy b %% 

2yV £_ 

b 2 b< 



2s Y (2y\> ?+?' 
a % )*\b 2 ) a' b l 



sin a = 



[2x\ 2 



x 
a 



*-!T 



?' 



\<e) \V) a* b< 

2x 

«*" b 2 x 
tan a = - — = — . 

2y a 2 y 
b 2 

The negative sign in the expression for tan a, supposing x 
and y to be positive, shews that the angle PTx is obtuse, instead 
of acute, as in fig. (1). 



Equations to the Tangent and the Normal at any Point of 

a Ourve. 

101. Let i2, fig. (2), be any point whatever in the tangent 
HK at the point P of the curve A B. 



Fig. 2, 




Let (x, y), (x', y), be the coordinates of P, JR, respectively. 
Then, r denoting the distance between P and i2, 
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, dx 

x t x- r cos a = r — , 

as 



and therefore 



/ dy 

w-y = rsina = r/; 

as 

x' - x _ y -y 
dx dy 



a form of the equation to the tangent at P. An equation, 
usually more convenient, may be obtained in the following 
manner. 

Differentiating the equation u = to the curve, we have 

du , du , 

— dx -f — - dy = : 

dx dy * 

multiplying the former and the latter term of this equation by 
the two equal quantities 

x - x y' - y 

dx dy 

respectively, we obtain, for the equation to the tangent, 

, , N du , , N du 

The equation to a line through the point x, y, at right angles 
to the tangent, that is, the equation to the normal at P, will 
therefore be, as we know by the condition of perpendicularity 
given in treatises on algebraic geometry, 

(x - x) dx + (y -y)dy = 0, 

x - x y - v 

or ■■ = % ,v . 

du du 

dx dy 

Ex. To find the equations to the tangent and normal at any 
point of an ellipse 

a' V 

M 2 
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Putting for — , — , their values - 2 , -jf , we get, for the 
ax ay a b 

equation to the tangent, 

(*'-*) ?f + (y'-y)^=0, 

or, by virtue of the equation to the ellipse, 

a 2 V a % b* ' 
and, for the equation to the normal, 

(*' - x) i- = (y' - y) - . 
x y 



Distance of the Origin of Coordinates from the Tangent. 

102. Let 8 denote the distance of the origin from the tangent, 
€ being the inclination of S to the axis of x. Then the equation 
to the tangent must coincide with the equation 

x' cos £ + y sin g = 8. 

Comparing this equation with each of the equations to the 

tangent, viz. 

x' - x _ y' - y 







dx 


dy 


9 




we see that 


, du 
dx 


, du 


du 
dx 


du 
> y dy' 

du 






1 


COS 


e 

x 


dx 






dx ( 

\dx 


dy) 


du 


du } 
dy 










du 






1 


sin 




dy 


• 




*(*- 


x\ 8 
dx) 


du 


du } 
dy 









l 

k 
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and consequently 

dtt dtf 
dx* + dy > b I b dx* + dy 2 

(xdy - ydlxf o* / du duY ' 

'x— + y 



dx dy 



) 



which determines the yalue of 8. 



Intercepts of the Tangent. 

103. Let x be the value of x' in the equation to the tangent 
at any point of a curve when y' = 0. The length x , viz. OTin 
fig. (1), is called the intercept of the tangent on the axis of x. 

It is easily seen from the two forms of the equation to the 

tangent that 

du du 

x — — + v — — 
xdy - ydx _ dx dy m 

dy ° du 

dx 

in the «ame way, y denoting the intercept of the tangent on the 

axis of y, 

du du 

ycte - xdy _ _ <fa dy 

di y ° ^ 

dy 

Subtangent 

104. The portion 3/T, fig. (1), of the axis of x, contained 
between its intersections with the ordinate and the tangent at P> 
is ordinarily called the subtangent at the point P. It is evident, 
from the equations to the tangent, that M T is equal to 

du 
dx dy 

dx 



r 



*^mm 
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Length of the Tangent. 

105. The word tangent is sometimes used to denote the finite 
line PT, fig. (1), included between the point P of contact of 
the indefinite tangent SK with the curve and the point T in 
which the indefinite tangent cuts the axis of x. In this sense of 
the word it is plain that the length of the tangent is equal to 



or 



-(y' + y 1 


<fa»Y 
<%7 ; 


y (du* 
= du\ds? 




dx 





Normal and Subnormal. 

106. The finite lines PG, GM, fig. (l), G being the inter- 
section of the indefinite normal UV and the axis of x> are 
frequently called the normal and subnormal respectively. It is 
plain that the subnormal is equal to the value of z' - x deduced 
from either of the equations to the normal, when y = ; or 

du 



and therefore 



dy 



du\* 

.2 



Form of the Equation to the Tangent to Curves of which the 
equations involve only rational functions of x and y. 

107. Let m=0 be the equation to a curve; and suppose that 

u = u + u x + u 2 + u z + . . . . + u n , 

u r denoting a homogeneous function of x and y of r dimensions. 
Then the equation to the tangent at any point x, y, will be 
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\efo efc dir " dx J \dy dy dy '" dy ) 
+ nu + (» - 1 ) «, + (n - 2) t# 3 + (n - 3) w, 4 . . . , + 2u m _ f + t^. l - 0. 

Lemma. Let be any rational function of x and y, of 
r dimensions: then w a - 

where c is a constant coefficient, and a + /3 =» r, the term cafy'* 
being a type of all the terms. Then 

and therefore 

= 2{c(a + j3)aV} 
= rS (cxfiyP) = rt>. 

By virtue of this Lemma we see that 

du du _ / ,x 

X dx + y dH~ u l+ 2u 2 + 3u 3 + ... +(n - 1)1*^ + nu H : 

but = nw + n« l + m* 8 +n# J + ... + nw it _ l + ttw it ; 

hence 

and therefore, from the equation 

, dw , d u du du 
dx dy dx dy' 



, (du. du 2 du. 
we get x - r J + ^- ? + - 7 - ? +....+ 
\dx dx dx 



du 

H 

dx 



,(du. du„ du~ du 

+ y -r- 1 + -y* + -y* + ... + -r 9 

Wy «y «y «y 

+ »w + (w - 1) u x + (n - 2) u % + (n - 3) w 3 + ... + 2w n _ a + w n _j - 0. 



168 TANGENCY. 

Ex. To find the equation to the tangent at any point of 
the conic section 

aa? + by* + 2cxy + 2a x + 2b'y + c' = 0. 
By the above formula we see at once that 

a! . (a + cy + ax) + y' . (ft' + ex + fly) + c + ate + fl'y = 0. 

Oblique Axes, 

108. The forms of the equations to the tangent are not 
altered if we suppose the axes to be oblique instead of rect- 
angular. 

Let P, P,, (fig. 3 ) be the two points in which the secant 
jETIT cuts the curve AB, referred to oblique axes Ox, Oy. 

Fig. s. 




-v m; m' 



Draw PM f P x M l9 PM', parallel to yO and cutting Ox in 
My Jtfj, if, P being any point whatever in the secant JECK\ 
Draw PpiP', parallel to Ox, and cutting P l M v P'M', in p x , p\ 
Let OM=x, PM=y, OM^x l9 P l M l ^y v OM' = x', PM' = y'. 
Then, by the similarity of the triangles PpP> Pj> x P, we have 

p P ' p Pl ' 

y^y = y*—* . 

X ~~ X X. "" X 

In the limit, when P, moves indefinitely near to P, x x , y xf 
become x, y, respectively, and 

x x - x 



TANGENCY. 169 

becomes -^ . The secant H'lC also becomes a tangent to the 
curve at P. Thus the equation to the tangent at P is 

y' -y _^dy 

x' — x dx 

or *-j? m y'-y . 

dx dy 

whence also, as in Art. (101), we have, as another form of the 
equation, du du 



( no ) 



CHAPTER II. 



ASYMPTOTES. 



Definition of an Asymptote. Method of finding Asymptotes, 

109. An asymptote is a tangent line to a curve, such that, 
although the distance between the origin and the point of 
contact is infinite, the perpendicular distance of the origin from 
the line is finite. 

Ex. 1. Take for instance the curve 

u = a' - y = ; 

where a is supposed to be a number greater than unity : then, 

by the formula 

du , du , du du 
— x + — y «= — x + — y, 
dx dy dx dy 

we have, for the equation to the tangent at any point, 

log a. of .x' - y = log a. of ,x - y 

= x log a. of — of . 

Suppose now that x = - oo : then of = 0, and 

* z 

x .a = , x — oo , 

a* 

1 =0. 



log a . a* 

Thus the equation to the tangent becomes 

y = 0, 

the equation to an asymptote coincident with the axis of x, the 
coordinates of the point of contact being - oo , 0. 
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Ex. 2. Take the curve 

u = ax 2 + x* - y 8 = 0. 

Then the equation to the tangent will be 

(2ax + 3a?) x' - 3y 2 y' = 2ax* + 3 (x* - y 3 ) = - as 2 , 

Suppose that # = oo ; then from the equation to the curve 
we have „ * 

XX X 

thus the equation to the tangent becomes 

3#' - 3y' = - a, 

which represents an asymptote. 

From the preceding observations it is plain that the following 
may be regarded as a general method of finding asymptotes. 
Assume x = oo , or y = oo , and then ascertain whether in each 
case the value of either of the intercepts x , y , of the tangent 
is finite : if one or both of the quantities x , y , be finite, they 
will correspond to the existence of an asymptote, the position of 
which they will define. 

Asymptotes of Algebraic Curves. 

110. The method of determining the asymptotes of curves,, 
which has been developed in the preceding Article, although 
always applicable, is not however so convenient in the case of 
algebraic curves as the one which we shall now propose. 

The equation to the tangent at any point (x, y) of a curve- 
may be written in the form 

x dy - y'dx = xdy - ydx* 

Assume x = - , y = — , 

r r 
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X, fi, r, being all regarded as variable. Then the equation 
to the tangent becomes 

x (rdfi - fidr) - y (rdX - Xdr) 
= - (rdfi - fidr) - £ (rdX - Xdr) 

T T 

= Xdfi - fidX, 
Suppose now that, to render either x or y infinite, we equate 

r to zero, and let the corresponding values of X, p, — , — » 

dr dr 

be denoted by (X), (/n), ( — J , \-ir\\ then the equation becomes 

«,■-(,),■- (X) (£)-(,)(§), 

which will be the equation to an asymptote, provided that the 
ratios between (X), (/i), and (X) f — J - (fi) ( — j , having been 

evaluated, it is reduced to the form of the equation to a lin* 
passing within a finite distance from the origin. 

Remarks on the Equation of the preceding Article. 

111. Before proceeding to apply the equation of the pre- 
ceding Article to particular examples, it is important to shew 
that the value of 

«(£)-«(£) 

depends solely upon the product of (X) or (ji), and a function of 
the ratio between (X) and (fi) ; and that the ratio between (X) 
and (ji) may be always determined. 

The equation to the curve, when - , - , are substituted for 

r r 

x, y, respectively, and when negative powers of r have been 

eradicated, may be written under the form 

t,=x " jP (?) + rX "" ,/ (?) + ---' =0 ' 
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n being the degree of the terms of highest dimensions in X' 
and m, or / \ _ / \ 

p ®+W) -°- 

Differentiating with regard to r we see that, r being after- 
wards equated to zero, 

W ^x? (\) •' l(T)i ' 



whence (X) (&) - W (£) . . (X) 



'{fgl 



Similarly we might shew that 



<D-<<: 



depends only upon the product of (jjl) and a function of the 
ratio of X to /a. Now the ratio between (X) and (/-t), putting 
r = 0, is discoverable from the homogeneous equation 

<f> (X, ft) representing the terms in v of highest dimensions 
in X and ji. Hence the equation for finding asymptotes may, 
for each asymptote of the curve, be reduced to the equation 
for a definite straight line. 

Examples. 
112. Ex. 1. Take the curve 

xy* - a? + 2a 2 y » 0. 

Then X/a 8 - X 8 + 2aV/i = . (1), 

and — (fi* - 3X a ) + (2X/a + 2aY) ^ + 4«V =0 (2). 

ar Ur 

From (1) we see that 

(X) {(tf - (X)'} = 0, 
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and from (2), 



^){oo«- 3 (xm2(\)Ot)f^')=o. 



Hence we have the three systems 



f (X) = 
d\ 



dr 



= 



fd\\ fdfi 
\dr J \ dr 



-0' ^ 



dr 



[%Hty 



• 



Hence, from the equation 



Wy'-W^w(f)-w( 



rfx\ 



we obtain, as equations for the three asymptotes of the curve, 

x ' = 0, y' - x = 0, y' -v x - 0. 

Ex. 2. Take the curve 

xy % - x*y + ay 2 - bx 2 = 0. 
Then \/i 2 - \ 2 fi + arp 2 - br\ 2 = 0, 

and (/i 2 - 2X/a - 2brX) — + (2X//,-X 2 + 2ar/0 -^ + «/* 2 -iX 2 = 0. 

Hence we have (X) (//,) {(/*) - (X)} = 0, 

and {(rf - 2 (X) 0*)} f^j + {2 (X) ( M ) - (X)'} f g' 



We have therefore the three systems 



+ a(jAf-b(Xf~ 0. 



(X) = 

'£)♦- 



■(A) = o 

dr 



A«0 



(X) = Cm) 



rfx V^'i + «-a = o 



rfr/ V <&* 

Hence there are three asymptotes corresponding to the 
equations 

x' + a = 0, y' + 4 = 0, y - x = b - a. 

Ex. 3. Take the curve 

afy - x 3 - 3J;cy + 2J*y = 0. 
Then X> - X 3 - Zbrkfi + 2ftV/* = 0, 
whence (X) 2 {(» - (X)} = (1). 
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Also (2\fi - 3X 2 - Zbrfi) — 

dr 

+ (X s - 3 ftrX + 2ftV) ^ - 3 b\/i + 4AV//, = (2). 

From the equation (1) we see that (X) = 0, or (X) = (jjl): in 
the former case the equation (2) becomes nugatory : in order 
therefore to obtain the required results, we must differentiate 
this equation with regard to r. Thus, remembering that r = 0, 
(X) = 0, we have 



{*<">(£)- «w) (£)- ■»»(£)♦*<»-*. 



(£)" -(£)--* 



whence ( -5- ) = ft, or ( — j = 2 ft. 



d\\ 
dr) 

Thus we have two asymptotes represented by the equations 

X ' = by X' = 2ft. 

Again, supposing that (X) = (/a), we have, from (2), 

-(£)♦(*)-—. 

so that there is a third asymptote represented by the equation 

y' - x' = 3ft. 

Algebraical Method of finding Curvilinear and Rectilinear 

Asymptotes, 

113. Let the equation to a curve be reduced if possible 
to the form y -f{x); and suppose f(x) to be developed in 
a series of descending powers of x, so that 

Then, when x is indefinitely great, the terms involving 
negative indices will vanish, and the equation to the curve 
will ultimately be equivalent to 

y = a m x m + a m _ J 3 , "- l + + a,X + a Q ; 
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which is therefore the equation to a curve approaching the 
proposed curve asymptotically, that is, to a curvilinear asymp- 
tote. If m be equal to unity, which is the most important case, 
the asymptotic equation will designate a rectilinear asymptote. 
Should there be a rectilinear asymptote parallel to the axis of y, 
this method will fail to detect it, for the equation y = a x x + a 
will not represent straight lines parallel to the axis of y. 
In order to discover asymptotes parallel to the axis of y, we 
might obtain a development for x in descending powers of y. 
It is, however, frequently easy to ascertain by inspection these 
asymptotes; for, the value of y in the equation y =f(x) being 
infinite for the abscissa corresponding to such an asymptote, 
we have only to equate to zero the denominator of f(x) : the 
corresponding values of x being ascertained, the indefinite 
ordinates belonging to them will be the required asymptotes. 
This method of finding asymptotes was first given by Stirling, 
in his Linece Tertii Ordinis Newtoniance, p. 48. 

Ex. 1. To find the asymptotes of the curve 

a? 
x - a 

We have y = + x . 



x - a 



= + x.{ 1 — 

X 



= + x[ 1 + J - + .... 

Us 



hence the equatiqns y = ± (x + | a) 

determine two rectilinear asymptotes. 

Again, y = oo when x is equal to a : hence 

x = a 
is the equation to a third asymptote. 

Ex. 2. To find the asymptotes of the curve 

a? 
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If x be equal to b> y is equal to infinity : thus 

x - b 
is the equation to an asymptote parallel to the axis of y. 

Again, ay = Wl--j =Wl+-+-y+... J, 

whence it appears that the curve has also a parabolic asymptote, 
of which the equation is 

ay » x* + bx + 4 s . 

For additional information on the subject of asymptotes, the 
reader is referred to a paper, by Mr. Gregory, in the Cambridge 
Mathematical Journal for November, 1843, and to a paper in 
the same Journal for February, 1841. 
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CHAPTER III. 

MULTIPLE POINTS, CONJUGATE POINTS, CDSPB, ETC. 



Definition. 

114. A multiple point is a point through which two or more 
branches of a carve pass. Thus, at the origin of coordinates of 
the curve of which the equation is 

there is a double point; that is, a multiple point of two branches. 
The form of this curve is indicated in the following figure : 



A conjugate or isolated point is a point, the coordinates of 
which satisfy the equation to a curve, while if to either x or y 
be assigned any value differing ever so little from its value at 
the point, the corresponding value of y or x respectively will 
be impossible. Thus, supposing a to be less than c, the curve 

will have a conjugate point, of which the coordinates are (a, b). 
if we put x ■- a ± h, where h is indefinitely small, (y - &/ 
d be equal to a negative quantity, which is impossible 
ng as y is possible. In like manner, if we put y = b±k, 
ing indefinitely small, it appears from the equation to the 
3 that x cannot have any possible value nearly equal to a. 



MULTIPLE POINTS, CONJUGATE POINTS, CUSPS, BtC. 
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A cusp is a point where two branches of a curve stop 
abruptly and have a common tangent. Thus, the qurve be- 
longing to the equation 

y* = z>(a t + z*) 

has a cusp at the origin, the common tangent of the two 
branches coinciding with the axis of z* The following is 
the form of the curve : 




As another example we may take the equation 

x* - ax % y - axif + \ a*y % = 0, 
which belongs to a curve of the form 




which has a cusp at the origin of coordinates. 

There are two species of cusps : the ceratoid, so called from 
its likeness to the horns of cattle, the curvature of the two 
branches lying in opposite directions, and the ramphoid, so 
called from its likeness to the beak of a bird, the curvature of 
the two branches lying in the same direction. The former 
figure affords an instance of a ceratoid, the latter of a ramphoid. 



Analytical Property of Multiple Points in Algebraical Curves. 

115. If u -f(x, y) = represent the equation to an alge- 
braical curve cleared of radical and negative indices, the values 
of x and y, at a multiple point, will satisfy the equations 



du 
dx 



= 0, 



du 
dy 



= 0. 



N 2 



180 MULTIPLE POINTS, CONJUGATE POINTS, CUSPS, &C. 

Let a, 4, be the coordinates of a multiple point. It is clear 
that, since two or more branches pass through the point (a, i), 
there must be two or more values of y corresponding to the 
value a ± h of #, where A is indefinitely small, one value for 
each branch ; and that when h « 0, that is, at the point (a, £), 
all these different values must become equal values; hence 
it appears that the equation f(a, y) = must contain two or 
more values of y, each equal to A, and that therefore the 

equation — f(a, y) = 0, its derivative, must (by the theory 
dy 

of equations) contain one or more roots, each equal to J. 
Similarly, the equation f{x, b) «= must contain two or more 

roots, each equal to a, and its derivative — f(z, b) = must 

dz 

contain one or more roots, each equal to a. Hence the values 
of x and y, which correspond to a multiple point, must satisfy 
the equations 

du du 

where -7- and — are the partial differential coefficients of u 
dx dy r 

with regard to x and y. 

Cor. Differentiating the equation u = 0, we have 



and therefore 



du 
dx 


du 
dy 


ty - 0- 
dx 


dy^ 
dx 


-- 


du 
dx 

dy 



hence at a multiple point -~ will present itself under the 

ax 

indeterminate form - . 
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Analytical Property of Cusps in Algebraical Curves. 

116. The analytical property which we have established in 
the case of a multiple point holds good also in relation to cusps. 

First, let us suppose that the tangent at the cusp is not 
parallel to either of the coordinate axes. Then it is evident 
that the very same reasoning is applicable to cusps as to 
multiple points, in consequence of the common feature which 
they possess, viz. that the value a+h or a-h of x corresponds 
to more than one value of y, and the value b + k or b - k of 
y to more than one value of x. 

Secondly, let the tangent at the cusp be parallel to the axis of y. 

Then, when y=b + koxb-k, x will have more than one value, 

and therefore, when k is equated to zero, and the values of x 

are thereby made equal to a, the equation f(x, b) = will have 

more than one value a of x. It follows, therefore, that at such 

du 
a cusp — = 0. Again, differentiating the equation to the 
ax 

curve, we have 



dy _ 



du du dy 
dx dy dx 



but -j- = ao , since the tangent is parallel to the axis of y ; and 

therefore, since — =» 0, it follows that -^- must also be equal 

dx dy 

to zero. 

Hence, at a cusp as well as a multiple point, 

du ^ du ^ 
u = 0, — = 0, — » 0. 
dx dy 



Analytical Property of Conjugate Points in Algebraical Curves. 

117. The same property may be proved to hold good also 
for conjugate points. 

Let (a, A) be the coordinates of a conjugate point. Then, 
when x = a±h, or y = b±k, h and k being very small quantities, 
the values of y and x respectively must, by the nature of a con- 
jugate point, be impossible. But, as we know by the theory of 
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equations, impossible roots enter rational equations by pairs, 
and must therefore, on the alteration of the values of the 
coefficients, by pairs degenerate into possible ones. Hence, 
when we put x = a, the equation f(a, y) = must have at least 
two equal values b for y; and therefore, by the theory of 

equations, the equation —f(a 9 y)= must have one of these 
roots. Similarly, the equations f(x 9 b)*=0 and -j-f(x 9 b)=0, 

CLX 

must have at least one root a in common. Hence, for the 
existence of a conjugate point it is necessary that, as in the 
case of multiple points or cusps, 

du du 

u = 0, — = 0, — = 0. 
dx dy 

Determination of the Multiplicity and of the Directions of the 

Tangent* at a Multiple Point 

118. Let w=/(^ l ,y l )=0 (1) 

be the equation to a curve free from radicals and negative 

indices, x v y l9 being the coordinates of any point whatever 

in the curve. Let (z, y) be a multiple point: then at this 

point we know that 

du 



dx 
du _ 
dy 



(2). 



Let x + h 9 y + k, be another point of the curve near to the 
multiple point: then, from (1), putting x + h, y + k, for x l9 y l9 
respectively, and expanding f(x + A, y + k) by Taylor's theorem, 

we have 

, du 7 du 

= u + h — + k — 

dx dy 

1 f, 2 d 2 u .. d 2 u 7 *d 2 u\ 

1.2 \ dx* dxdy d%f J 

1 (j*d*u oI87 d*u OI72 d z u 1z d*u\ 

1.2.3 V da? dx 2 dy dxdy 2 dy* J 

+ &c. 
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or, by (1), (2), 

n 1 / \ % d 2 u rtl7 d % u 1 *d l u\ 
1.2 V da? dxdy dtf J 

1.2.3 V da? da?dy dxdy % dtf J 
+ &c (3). 

Suppose that at the point in question the lowest partial 
differential coefficients of u, of which at any rate all do not 
vanish, are of the n* order ; then the equation (3) is reduced to 

= l (hr — ^ h~*k d%u + n(n ~ l) h~*?? d * u 

1.2.3 ...n \ dx n \ da? l dy 1.2 daT 2 dy* 



• • • • + /v — 1 

dr) 



+ &c. 



Put h = \x', k = \y' : then, dividing out by X* and multiply- 
ing by 1.2.3 ... w, we get 

da? 1 y duf'dy 1.2 y dar'dif 

+ . . . . + y' % -j— + X (a series of terms). 

Now in the limit when h : k :: dx : dy, the quantity X will 
become less than any assignable quantity, and therefore the 
equation will ultimately become 

A ,. d n u n . 4 , d?u n(n-l) ,- , a d n u 

= x n + — x* v r-5- + — - z if 

da? 1 y da? l dy 1.2 y <fa-Wy a 

This equation, which is homogeneous in x' and y', is equiva- 
lent to n linear equations in x' and y', which will represent the 
tangents to the several branches of the curve, n in number, at 
the point (x, y), the point (x, y) being considered the origin of 
coordinates. Thus the degree of plurality of a multiple point is 
defined by the order of the lowest partial differential coefficients 
of u which do not vanish. 
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Ex. 1. To determine the multiplicity of the point x = 0, y = 0, 
in the curve w =» s 4 + y 4 - *ry* - 0. 

At the point in question 



du 
dx 



= Asf - atf 



da? 



dU m 

0, — = 4y" - 2oxy « 0, 



12ar - 0, -=—r - - 2ay = 0, -— -= 12V 1 - 2ox ■ 0, 
a&ay ay" 









- 2a, 



rf 8 w 



24y = 0. 



dx % dy dxdy* dtf 

Hence, for the determination of the tangents at the multiple 
point, which we see is a triple point, we have, substituting for 
the partial differential coefficients in the equation 

oV y oVoy y oWy 8 y tfy 3 

- Boxy" - 0, 
which is equivalent to x' = 0, and y n = : 

the former of which equations shews that the axis of y touches 
one branch of the curve, and the latter, that the tangents to two 
branches coincide with the axis of x. The form of the curve is 
exhibited in the diagram : 

01 




Ex. 2. To determine the multiple points of the curve 

(y* - iy = x % (2x + 3). 
In this case u = (y 2 - \J - £ (2x + 3) = 0, 
and, as conditions for a multiple point, 

du 



dx 



= - 6s* - 6x = 0, 



*-W-i)-o. 
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These three equations are satisfied by each of the following 
systems of values, 

ly-o J> ty-i/ f Ijr - - 1/ • 

Proceeding to second differentials, we have 



— = - 12a; - 

da? ' dxdy 



d*u ^ d*u , ^ . 

= 0, ^-1^-4. 



The equation 



m d 2 u n > i d*u , 2 d*u ^ 
* - + 2XV d^Ty + y d? = °> 



da? 



becomes, for the first system of values of x and y, 

3s' 2 - 2y" = 0, 
and, for each of the two second systems, 

- Zz* + 4y* = 0. 

Thus we see that there are three double points. The figure 
is subjoined. 




Multiplicity of a Multiple Point at the Origin. 

119. The existence and multiplicity of a multiple point at 
the origin may be ascertained more simply by inspection. Let 
the equation to a curve, arranged in groups of terms of diffe- 
rent dimensions, be 
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u r denoting generally a series of terms of r dimensions, and u % 
denoting those of lowest degree in the equation. Then, in the 
immediate neighbourhood of the origin, we may neglect terms 
of higher compared with those of lower orders, so that the 
equation will become 

the dimensions of this equation determining the degree of the 
multiplicity, and the simple factors, into which it may be de- 
composed, denning, when equated each of them to zero, the 
directions of the branches. This method of finding the mul- 
tiplicity of a multiple point, may be readily deduced from the 
general equation given in the preceding Article. 

Ex. 1 . Taking the first example of the preceding Article, we 
have, retaining only the term of the third dimension, 

*y % = °> 

which shews that the axis of y touches at the origin one branch, 
and that of z two branches, of the curve. 

Ex. 2. Take the curve 

z* - 2az 2 y - Zz**/* + ay 8 + y* = 0. 
Then, retaining terms of the lowest dimensions, we have 

- 2az*y + atf = 0, 
whence, for the equations to the tangents at the origin, 

y = 0, y = - 2* x, or y = + 2bz ; 
so that there is a triple point at the origin. 

Point of Osculation. 

120. A point of osculation is a multiple point in which the 
several branches of the curve have a common tangent. Thus 
cusps are a species of points of osculation. 

Suppose that there are only two branches at the point, thea 
the roots of the equation 

* d? + 2 * v d^ + » w~° (1) ' 



F~*> 



1 
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must be equal : hence, as a necessary condition for a point of 
osculation, 

/ d 2 u V g d 2 u £u 

\dzdy) dx 2 ' dtf* 

If this condition be not satisfied for any point of a curve 
corresponding to the three equations 

du ^ du 
u = 0, — =0, — =0, 

9 y 9 j ^9 

ax dy 

then we must have either 

/ d 2 u V d*u cFu 

\dzdyj da? * dtf 9 

in which case there will be a double point with two distinct 

tangents; or 

/ d % u Y ^ d 2 u <£u 

\dxdy) dz* " dy 2 ' 

when the equation (1) will give impossible relations between z' 
and y'y and (z, y) will be the coordinates of a conjugate point. 

Remark on the Theory of Multiple Points. 

121. If there be a multiple point in a curve, its position and 
its multiplicity may be ascertained by investigating the pairs of 
values of z and y which satisfy the three equations 

du du 

M = > ;*r ' Ty-*' 

and by determining the order of the lowest partial differential co- 
efficients of u which do not all vanish at the point. The directions 
of the tangents will be ascertained by the formula of Art. (118). 
If the relations between z' and y, expressed by this formula, be 
impossible, the existence of a conjugate point is at once indi- 
cated. We cannot however be sure that the point is not a 
conjugate instead of a multiple point or cusp, even when all the 
relations between z* and y' are possible. Additional considera- 
tions are necessary in order to ascertain this to a certainty : an 
examination of the general nature of the curve in the neighbour- 
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an algebraical discussion of its equation, 



less than b. Then, putting 
'. (x-bf- 0, 

i (x - af (x-bf- 5(x-af(x- If - 0, 



y = a?c. 



formula 

, , d*u „ d*u 
V dx~dy' iV d?~ ' 
6a*cx"y' + 9a'cV' = 0, 
(t/ - Za*cxJ = 0, 

ndicate a point of osculation, when the 
tangent of the two branches would be 
y = Ztfcx'. 
ever, that the point is really a conjugate 

x i ±(x-<tf(z-bf i 

impossible when x differs very slightly 

ion on the subject of this Article, the 
aper on the General Theory of Multiple 
e Mathematical Journal for November, 
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Points d'Arrtt or Paints de Rupture. 

122. An algebraic curve never stops abruptly in its course, 

that is, it never possesses singular points of the kind called by 

French writers points <F arrit or de rupture. Such points are 

however of frequent occurrence in transcendental curves. For 

instance, in the curve belonging to the equation 

1 
y + 1 = e~~*, 
the form of which is 



o 



a? 



there is a. point <F arrSt at P. 

The impossibility of the existence of such points in curves 
represented by algebraical equations depends upon the fact that 
impossible roots enter algebraical equations, involving one un- 
known letter, by pairs. Suppose in fact that, when x is equal to 
a - h> y has an impossible value for each small value of A how- 
ever small, and that y has a possible value when x is equal to 
a + A. Then, when z passes from a - A to a + A, one value of y 9 
and therefore, by the nature of algebraical equations, two values 
of y, the two values being of the forms a ± V(- )3), must change 
into possible ones, which will evidently, in consequence of the 
correspondency of their values, be equal to each other when A is 
indefinitely diminished. The existence of two equal values of 
y, corresponding to the value a of z> shews that there is no 
abrupt termination of the curve at the point of which the ab- 
scissa is a. 

Points Saittants. 

123. A point saillant is a point of a curve where two branches 
of the curve stop abruptly and have tangents inclined to each 
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other at a finite angle. Such points are frequently to be met 
with in transcendental curves, but can have no existence in 
curves corresponding to algebraical equations. 
Ex. 1 . Take the curve of which the equation is 

x 

y = — ;■ 

1 + <r 



1 + e* x . e* . (1 + e*/ 
iat x = + : then 

iat x = - : then 

^= I 
dx 

t of coordinates is therefore a point saiUant: the 
sponding to positive values of the abscissa; touches 
, while the tangent to the other branch at the same 
led at an angle of 45° to this axis. 
ke the curve 

j,.*tan-i. 

l be a point saillant at the origin of coordinates ; 
s of the two branches at this point being defined 

i Jw and -J* of &. 

ax 

ibserved that an algebraical curve does not admit 
Hants. This may readily be shewn. Suppose, in 
ween the equation to the curve 

u m 0, 

du du , 
ative -=- + nr . y — 0, 
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we eliminate y\ we may then obtain an algebraical equation 
between x and y', free from radicals and fractional forms. 
If then we conceive a curve to be constructed, of which the 
abscissa shall be always equal to x and the ordinate to y', this 
curve can have no point cParrtt, which would necessarily be 
the case if the primitive curve had any point saillant. 

Branches PotntiUe'es. 

124. "We occasionally meet with equations, the geometrical 
loci of which consist, either entirely or in part, of a series 
of conjugate points, forming branches pointUUes. 

Ex. Take the curve 

(Sf ■«•{*©}• 

It is evident that y will be always impossible when sin f - J 

has any negative value or any positive value less than unity; 
and therefore, unity being the greatest value of the sine of 
an angle, we must have 

£ = (4\+l)^, y-0, 
a 2 

X being an integer. Thus we see that the geometrical locus 
of the equation consists of a series of conjugate points arranged 
along the axis of x at a common interval equal to 2ira > the axis 
of abscissae being thus a branche pointiUie. 



( 192 ) 



CHAPTER IV. 

CONCAVITY AND CONVEXITY OF CURVES AND POINTS OF 

INFLECTION. 



Conditions far Concavity and Convexity. 

125. The .object of this chapter is to investigate the con- 
dition that a curve, of which the equation is given, may at any 
assigned point turn its concavity or convexity towards either of 
the coordinate axes, and to determine those peculiar points of 
the curve, called points of inflection or of contrary flexure, at 
which concavity is succeeded by convexity, or conversely. 





OL fe) 



a? 



In fig. (1) the curve AB is concave at P towards the axis 
of x, and convex towards that of y ; in fig. (2) there is a point 
of inflection at P, the curve being concave towards the axis 
of x at each point in the arc AP y and convex at each point 
of the arc PB. 

Let ¥, **, be the inclinations of the tangents of the curve at 
P, P 7 , in fig. (1) to the axis of x, P being a point near to P: 
then, as we pass through P from A towards B> it is evident 
that tan ¥ will keep continuously decreasing : hence, x, x' } 
being the coordinates of P, P, 

tan ¥' - tan ¥ 

; = a negative quantity : 

x ~ - x 
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and this will be true however near P may be to P ; and there- 
fore, proceeding to the limit, we see that, as the condition of 

. rftan^r 
concavity, — — — - = a negative quantity. 

If the curve were convex at P towards the axis of z, it is 
evident from like reasoning that 

d tan yfr 



dx 



= a positive quantity. 



But tan ^r = -f : hence, that the curve may be concave towards 

... d % y 

the axis of z at a point z, y, it is necessary that -^ be negative, 

d ij 
and, that it may be convex, that -r-f be positive, 

dzr 

It is easily seen that the conditions which we have shewn to 
be necessary are also sufficient conditions for concavity and con- 
vexity. For it is evident that the curve will be concave or 
convex towards the axis of z at a point (z, y) accordingly as 

tan ifr - tan^r 
z - z 

is negative or positive for all indefinitely small values of yft' 

d % y . 
nearly equal to >fr, that is, proceeding to the limit, as -=^ is 

negative or positive. 

If y be negative, or the point P be on the opposite side of the 
axis of z y then, as may be seen simply by changing the sign of 
y throughout, we must have, for concavity, 

d % y 

-~ = a positive quantity ; 

dx 

and, for convexity, 

d 2 y 

-~ = a negative quantity. 

Without regarding the sign of y, we may state generally that 
the sufficient and necessary condition for concavity is that 

d% y ^ 

y -~ = a negative quantity, 

o 
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and, for convexity, that 

y -tJ[ = a positive quantity. 

Ex. To find where the Witch of Agnesi, of which the equa- 
tion is 

2a - x 



.2 a~2 



4a' 



x 

is concave or convex towards the axis of x. 
Differentiating, we have 

dy 4a s 



y 



dx x 



,2 > 



<Py dy'^8^ 
V dx 9 + da? a? 9 

di? 
or, multiplying by y % and replacing y 2 -jf- % by its value in terms 

of*, 

V dx 2 ' x< a? ' ~~ x 



, d % y 16a 8 8a 3 % 2a - x 



, 8 rf 2 y 16a 5 /o rt . 

whence y 8 ^ = -^ (3a - to). 

This result shews that y -7^ is negative when x is greater, and 

positive when x is less than — . Thus from x = to x = — the 

curve is convex towards the axis of a?, and concave from x = — - 

2 

to x = 2a. There must accordingly be two points of inflection 

corresponding to the value 2a of x. 

Condition for a Point of Inflection. 

126. Since a point of inflection separates two portions of a 
curve, one of which is concave and the other convex towards the 
axis of x, it follows that, as x keeps continuously increasing, 

tan [p or -~ must either keep increasing as we approach the 
dx 

point and decreasing as we recede from it, or conversely. 



J 
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Hence, that there may be inflection at any proposed point, it is 

sufficient and necessary that -~ have a maximum value, or that 
j% dx 

Tj experience a change of sign as we pass along the curve from 

one side of the point to the other. 

In order then to determine points of inflection, we have only 

to ascertain those values of x and y which render -j~- either 
a maximum or a minimum. 

Ex. 1 . To find the point of inflection in the curve 

x l - aV + a*y = 0. 
Differentiating twice, we get 

4x* - 2a*x + a 8 -? = 0, 

ax 

12a? 2 - 2a 2 + a 3 -\ « 0. 

dx 2 

d 2 v 
Putting -^-f = 0, in order to get the values of x which cor- 
ax -j 

respond to the maximum or minimum values of -=- , we have 

a 

X — H . 

5a 
and therefore y = — . 

Differentiating a third time, we see that 

which shews that -^f has a finite value when J«0, Hence 

the values ± ^- of x make -r a maximum or minimum, and 

V6 ax 

therefore correspond to two points of inflection. 

Ex. 2. To find the points of inflection of the curve 

x 4, = a 2 y* + x 2 y*. 

o 2 



r 
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We have y =» ± 



C^ + a 2 )*' 



dy a? + 2a*x 

dz /jL %\i 
(or + <ry 

<Py m a 2 (2a 1 - s») 

(jxr + a 1 ) 
As far as signs are concerned, we may take v instead of -7^ , 
where v = ± (2a 1 - 3*). 

When v = 0, we have x » + a V2, and 

— « + 2x = a finite quantity. 

CLX 

Hence the values ± a V2 of x correspond to maximum or 
minimum values of -j- , and therefore to points of inflection. 

Ex. 3. To ascertain whether the Lemniscata of which the 
equation is 

has a point of inflection at the origin of coordinates. 
Differentiating twice, we have 



4 [x + 



ifl.K,^.,*}.* 



-'(•-»3-£)- 

From the last equation we see that, when x = and y = 0, 

^ = + 1 
d * 

the value of -J, remaining indeterminate. In order to find -rj[ , 
we must differentiate again. 



CURVES AND POINTS OF INFLECTION. 197 

Thus 



12 ( x+ y^H 1 + 



y da> + da?) 



♦•(^(•♦•SS-SO 



dx da? 
, d'u 

When x «= and y ■ 0, we see that -^ » 0. In order to 

d*y 
determine the corresponding value of y~, we must proceed to 

another differentiation : we then have, omitting all those terms 
which vanish when x and y are both zero, 

16 [1 + 



\ d*J dx da? 9 



, d*y _ 16 

whence -r4 = + -r • 

We have shewn therefore that -=K has a zero value, and -r-? 

<fo* cfo" 

a finite one, at the origin of coordinates, whether we take ~ 

dx 

equal to + 1 or to - 1. Hence both branches of the curve 
have inflection at the origin. 



Symmetrical Investigation of Points of Inflection. 

127. A point of inflection being an absolute peculiarity in a 
curve, and not, like a point of concavity or convexity, having 
especial reference to either axis in particular, it is desirable to 
develop also a method of determining such a point which shall 
be symmetrically related to both axes. 
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Let* the equation to an algebraical curve, cleared of radicals 
and negative indices, be represented by 

^=0 (1), 

where F is a rational function of x and y. 

Let ds denote an element of the arc of the curve at the point 
x, y, and let s be taken as the independent variable. 

t ♦ tt dF v dF 

Let TJ= V= — , 

ax dy 

= d % F = d^F_ = <PF 

dx 2 ' dxdy 9 dy 2 ' 

7 dx dy v dl , dm 

ds as ds ds 

Then, differentiating (1), we have 

lU+mV=Q (2); 

differentiating (2), 

Pu -f 2lmw + m 2 v + tU+ m'V = (3). 

Again, it is clear that P + m % = 1, and therefore 

//' + mm = (4). 

From (2) and (4), we get 

rV=m'U; 
hence, multiplying (3) by U, we obtain 

U(Pu + 2lmw + m 2 v) + I (U 2 + V 2 ) = 0, 

or, by virtue of (2), 

PU 
ytilTu- 2UVw + TPv) + 1 (U 2 + V 2 ) = . . . . (5). 

In a similar way we may shew that 

^ {JTu - 2UVw + IPv) + m {IP + F*)= . . . . (6). 

* This method of determining multiple points was published in the 
Cambridge Mathematical Journal for November, 1843, 



M*M 



-**i 



CURVES AND POINTS OF INFLECTION. 199 

Again, by the relation P + m 2 = 1 and the equation (2), we 
get 

V 2 = ZP+ V 2 " xp : 

hence (5) and (6) give us 

U(V 2 u-2UVw+U 2 v) + l'(U % + F*) a =0 .... (7), 

V{JTu - 2UVw +U*v) + m'(U*+ F , /= . . . . (8). 

Now at a point of inflection it is evident that / and m must be 
the one a maximum and the other a minimum : hence, as we 
pass in the neighbourhood of the point along the curve from 
one side of the point to the other, we know by the theory of 
maxima and minima that I and m must each of them change 
sign. It is evident then, from (7) and (8), that 

U(V 2 u-2UVw + TPv), 

and V{ V*u - 2 UVw + TPv), 

must both change sign. 

Suppose first that neither U nor V changes sign as we pass 
through the point; then the sufficient and necessary condition 
for a change of sign in the value of /' and m', is that 

Vu - 2 UVw +TPv (9) 

change sign as we pass through the point : this condition evi- 
dently involves the fact that at the point itself 

F*«- 2UVw+ {7*0 = (10). 

Next suppose that U changes sign ; then it is evident that the 
expression (9) must not change sign, for otherwise /', as will be 
evident from the formulae (7), could not change sign. But from 
(8) we see that for a change of sign in the value of m', one and 
one only of the quantities V and (9) must change sign ; hence 
V only must change sign. Thus we see that if either of the 
quantities U and V change sign, both must do so, and that (9) 
must not change sign. If U and V both change sign it is clear 
that at the point itself 

ET=o, r=o, 

which are the conditions for multiplicity of branches at the 
point. 



200 CONCAVITY AND CONVEXITY OF 

The general rule, therefore, for finding points of inflection 
may be thus enunciated. First ascertain the values of x and y 
which will satisfy simultaneously the equations 

JF= 0, V*u - 2 TJVw + IPv = 0, 

and reject all the pairs of values thus obtained which do not, as 
we pass through the corresponding points, correspond to a 
change of sign in the expression 

V*u - 2 UVw + TPv, 

or which do correspond to a change of sign in either TJ or V: 
the pairs of values of x and y, which are retained, correspond to 
points of inflection. 

Secondly, ascertain those pairs of values which satisfy simul- 
taneously 

and reject all of these pairs which do not correspond to a change 
of sign in both TJ and V as we pass through the corresponding 
points along one or other of the branches, or which do corres- 
pond to a change of sign in the expression 

V*u-2UVw+ TPv. 

In the preceding investigation we have supposed F to be a 
rational function of x and y. Should this not be the case it will 
be evident, from what has been said, that in addition to the 
values of x and y, which may be obtained by the rule which we 
have enunciated, we must likewise take those which will render 
in the first case, 

F=0, V 2 u-2TJVw + TPv = <x>; 

and, in the second case, 

F=0, r7=oo, r=oo; 

the conditions depending on change of sign being the same as 
before. 

Ex. 1 . Let the curve be 

F= ax* + by 3 - c 4 = 0. 
Then U = Sax 2 , V = Sby\ 

u = 6ax, w « 0, v « 6by. 
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Hence, from the formula (10) there is, if we cast out constant 
factors, 

xy (aa? -\ by*) = ; 

or, by the equation to the curve, 

xy = 0. 

Thus x = 0, or y = 0, and in both cases neither U nor V 
changes sign, while the formula (9) does change sign. Hence 
we have two points of inflection, 

*=o, y = -> 

ft* 

and x = — , y = 0. 

i 
a 

Ex. 2. Take the curve 

-F=(« 8 + y 2 ) 2 -oV + Ay = 0, 

and suppose that we wish to find whether there be a point of 
inflection at the origin. Then 

CT= 2x{2x % + 2y 2 -a 2 ), 

V= 2y (2s 2 + 2j^ + ft 2 ), 

u = 12s 2 + 4^ - 2a 2 , 

t> = 4^ + 12y 2 + 2ft 2 , 

w = &ry. 

From these results it is evident that U and F" both change 
sign if we change x and y each of them from ± to T 0. More- 
over it is clear that neither F*w, IPv, nor 2 {7Ft0, experience 
any change of sign when we put ± x y ± y, for ? x, ? y, respec- 
tively. Hence the expression (9) does not change sign. If yre 
had kept y positive or negative throughout, while we changed 
x from ± to + 0, the expression (9) would have changed sign, 
and flexure would not have taken place. Hence we see that the 
branch which passes through the origin from below to above 
the axis of x 9 or that which passes from above to below, will 
have an inflection at the origin. 
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Ex. 3. Let the curve be 






o.±r-V. r-i(|Vi 



2 
9a? 



©'•"*—» (!) '• 



Hence the expression 

r 8 «-2Crr«?+ C7*t> 
will vary as 

l) ! ;© ! - 

Putting this expression = oo , we get x = 0, or y = ; and 
therefore, by the equation to the curve, y ■» ft, a? = a, respectively. 
It is evident, then, that as x passes through 0, U and V do not 
change sign while the expression (9) does ; and similarly for y : 
hence there are two points of inflection, viz. x = 0, y = ft, and 
# = a, y = 0. 



( 203 ) 



CHAPTER V. 

ON T^B INDEX OF CURVATURE, THE RADIUS OF CURVATURE, 
AND THE CENTRE OF CURVATURE, OF A PLANE CURVE. 



Index of Curvature. 

128. Let yfr, yfr + S^r, be the inclinations of the tangents 
PT 9 QS, at points P, Q, of a curve AB, very near to each 




other, to the axis of x. Then it is evident that the greater 
be the angle S-^r between the two tangents, for a given small 
arc PQ, or the smaller be the arc PQ for an assigned value of 
the small angle S^r, the greater will be the curvature of the 
curve in the vicinity of P. Hence, proceeding to the limit, 
when the arc PQ or 8s becomes less than any assignable mag- 
nitude, we see that -~ is a measure of the curvature at P. 

as 

The angle 8yfr is called the angle of contingence, and ~j- the 
index of curvature at P. 



Radius and Centre of Curvature. 

129. From P and Q draw two normals PC, QC, meeting 
in C. These two normals will evidently include an angle 8\p. 
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Let PC = p, QC = p, the chord of PQ - c, and let l 2 ir - a 
denote the angle between the chord of PQ and the normal QC. 
Then it is plain that 

c sin (J it - a) = p sin S^r, 

sin S^r sin Q it - a ) 

— c p " 

but, proceeding to the limit, when 8>fr, c, and a, become less 
than any assignable quantities, sin Syfr and c vanish in a ratio of 
equality with ftp and Ss respectively : hence 

t : \- • «■ 

Now, p and p being ultimately in a ratio of equality, it 
follows that a circle described with C as a centre, and touching 
the line PT in P, will ultimately touch the line QS in Q. 
The angle of contingence will accordingly be the same ultimately 
for the circle as for the curve : also the arc PQ in the circle will 
be ultimately in a ratio of equality with the arc PQ in the 
curve, since each of these arcs, by the 7th Lemma of Newton's 
Principia, vanishes in a ratio of equality with their common 
chord. Hence a circle so described has the same curvature as 
the curve at the point P. This circle is called the osculating 
circle, or the circle of curvature at the point P, p the radius, and 
C the centre of curvature. 

The equation (1) shews that the index of curvature at any 
point of a curve is equal to the reciprocal of the radius of the 
osculating circle. 

Expression for p when x is the Independent Variable. 
180. Differentiating the equation (Art. 100) 

considering x the independent variable, we have 

sec'*# = ^: 
ds ds 

dx 



RADIUS OF CURVATURE, CENTRE OF CURVATURE. 205 

but, by Art. (100), 

. dz ds % dy % 

cos w = — • — = 1 + —2- : 
W d»' da? da?' 



hence 



f <ty Y \da?) _ \j&) 
\ds ) = ~d?~ / , _ dx? 

da? \ 



1+ da? 



1+ £T 
and therefore p 8 « ^. i.^. v '- . 

da? J 

From this formula we perceive that the index of curvature 

will become zero, and the radius of curvature infinite, whenever 

d*tf 

-~ is equal to zero : the osculating circle will then degenerate 

into a straight line and coalesce with the tangent. Such will be 

the case, for instance, at points of inflection, where -=-f = and 

dz 

j- is not infinite. If, at any point of the curve, -^ becomes 

infinite, while -^ is either zero or of finite magnitude, the 
index of curvature will become infinite, and the radius of curva- 
ture will vanish. If the quantities -f and -^ become simul- 

dx dz 

taneously infinite, the expression for p % will assume the form 

oo 

-— ; its real value must then be estimated by the rules for the 

oo * 

evaluation of indeterminate functions. If one of the functions 

-j- , —~ , becomes discontinuous, and experiences an abrupt 
dz dor 

change of value, such will also be the nature of the index 

of curvature : such a peculiarity will present itself, for example, 

at a point saillant. 

Ex. 1. To find the radius of curvature at any point of the 

curve t/» - 4ms. 
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We obtain, by differentiating the equation 



Hence 







y = 


2mV, 




dy_^ 
dx 


m x , 


d % y 

dx 2 




P 2 


.0 


+ mx 
\mx' z 


l f _ 4 (x + mf 
m 



If x = 0, then p 2 = 4m 2 , p = 2m ; which shews that the radius 
of curvature at the vertex of a common parabola is equal to half 
its latus rectum. 



Expressions for p when s is the Independent Variable. 

131. Since, by Art. (100), 

t dx , . t dy 
cos \L = — and sin \p = -f- , 
as ds 

we see that, s being the independent variable, 

d\p d 2 x 



- sin \p 



ds ds 



* * 



, . d\L d 2 y 

and cos \L — - = —4 : 

hence, squaring and adding these two last equations, 

o 2 ds 2 [ ds 2 J + V <fc 2 



Also 



whence 



rf 2 « c? 2 # 

dyfj _ ds 2 d? 

ds sin (i rfy 

dy 
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similarly we may shew that 

dx 

ds 
ds* 

Expression for p in terms ofdx, dy, d*x, d*y. 

132. Since tan \L = -¥ , we have 

dx 

* - •»- (i: 

M>d therefore dj, . * *X ~ d *f* : 

dor + dy 

1 dtf frfa rf'y - dy d 2 xf 
p 2 ds 2 " (dx 2 + dy 2 ) 3 * 

Expression for p in terms of Partial Differential Coefficients, 

133. Let w = be the equation to a curve. Differentiating 
this equation twice we get 

du j du » N 

s* + **-° (1) ' 

Multiplying (2) by c/y, <fe, successively, and in each case 
availing ourselves of the relation (1), we get 

d £(dzd*y-dyd>z) = dy(^dz> + 2^dzdy + d ^dy^, 

d ^(dyd>z-dzd>y)=dz(^dz* + 2^dzdy + d £dy>y 

adding together the squares of these two equations, we obtain 
du 2 du 2y 



da? dy % 



(dx d 2 y - dy d 2 xj 



^ + w{i£ d * +2 dl% dxd y + $ d y) : 



208 INDEX OF CURVATURE, 

whence, by the formula of Art. (132;, 

du du 
and therefore, replacing dx, dy, by the quantities — , - — , to 

which, by virtue of (1), they are proportional, we get 

(du 2 <Fu ^ du du d 2 u du 2 d*u 

i _ 2 + 

1 _ yrfy 2 da? dx dy dxdy do? dy* 

W + w) 

Cor. If the function u consist of two parts, of which one 
contains x alone, and the other y alone, 

d 2 u 



dx dy 



= 0, 



tdtt tfu dtf <Tu\* 

and therefore J - W ** * <*** dy 2 ) . 

p»" (du 2 du 2 Y 



+ 



d£ dy\ 

Ex. To find the radius of curvature at any point of the curve 

a? v 2 
a b 

tj du 2x du __ 2y 

dx a 2 ' dy b 2 

d*u 2 d 2 u A <P« 2 

-0, 



hence 



dx 2 a* 'dxdy ' dy* b 2 " 

i U a y * W/ l 



J 
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Another method of finding the Radius of Curvature. 

134. Let i denote the distance of Q, in the figure, from the 
line CP, and 8 its distance from the tangent at P. Then, since 
ultimately the circle of curvature touches PT, QS, at P, Q, we 
have, by the nature of a circle, 

limit of e 3 = limit of (2p - 8) . 8, 

or, since 8 vanishes in the limit when compared with p, 

p = limit of -k . 
r 28 

Ex. 1. To find the radius of curvature at the vertex of 
a parabola y a = 4mx 

Here p = limit of •£- = 2m. 

r 2x 

Ex. 2. To find the radii of curvature at the extremities of 
the axes of an ellipse. 

If a and b be its semi-axes, and if the major axis and the 
tangent at one of its extremities be taken as axes of coordinates, 

its equation will be ja 

y a = -- a (2£*r- x 9 ). 
a 

Hence p = limit of — = -= (a - \z) *= — . 

2x a a 

Similarly it may be shown that the radius of curvature at an 

extremity of the minor axis is equal to - . 
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CHAPTER VI. 

ANALYTICAL DETERMINATION OF THE CENTRE OF CURVATURE. 
THEORY OF EVOLUTES AND INVOLUTES. 



Determination of the Coordinates of the Centre of Curvature. 

135. Let a, /3, be the coordinates of C, the centre of the 
osculating circle of a curve AB at the point P. Then, z, y, 




being the coordinates of P, ty the inclination of the tangent PT 
at P to the axis of z, it is plain that 

ds 
a - x = - p sin ^r = - — - sin yfr, 



and 



But 



and 



hence 



and 



/3 - y = p cos ty = — cos *^r. 



. dz . 

cos y = — , smy 
as 



= ^y 



<to - d tan 1 /^ - dxd% V- d V d * x . 
a+-dt*n ^J- ^^ , 



a - z = - dy 



2_ > 



<fo rf 2 y - dy rf 2 # 



p ~y~ x dzd 2 y - dy d 2 z ' 



i 
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These two formulae will enable us to determine a and ft 
for any assigned point of the curve. 

Suppose. s to be the independent variable; then differen- 
tiating the equation da? + dt? = ds\ 

we have dx d 2 x + dy d 2 y = 0, 

and therefore the formulae for a and /3 are reduced to 



,. dx 2 + dy 2 

a - x = d x . * 



a*A* ' 



- y = <*V {d * xJ + w • 



• 



FormuUefor the Coordinates of the Centre of Curvature in terms 
of Partial Differential Coefficients of u. 

136. From Art. (135) we see that 

(a - *) dx + (fi - y) dy = ( 1 ), 

and (a-x)d 2 x+Q3-y)d 2 y-dx 2 -dy*=0 .... (2). 

Between these two equations, together with the equation to 
the curve and its first and second differentials, viz. 

*=0 (3), 

s* + **-° ^ 

_^ + _ A+ _^ +2 __^ rfy+ _^.0...(5) J 

we may eliminate the six quantities x, y, dx, dy, d 2 x, d 2 y. In 
fact, from (1) and (4) we have 

<.->S-»-»>£ <•> 

and therefore, from (2), 

P 2 



i_ 



}' 
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whence, by (5), we have 

y ^r\da? dzdy l f dy 2 y J ' 

dz 

and therefore, by (4) and (6), 

du 2 du* 

«- * ft -y dz 2 dy 2 (n . 

du du du 2 cPu du du d 2 u du 2 d 2 u 

dz dy dy % dz % dz dy dz dy dz 1 dy* 

Locus of the Centre of Curvature. 

137. Between the equation u- and the equations (7) of the 
preceding Article, we. may eliminate z and y: we shall thus 
obtain an equation between a and /3 alone, which will be the 
equation to the geometrical locus of C, the centre of curvature, 
when the point P of the curve is supposed to be variable in 
position. The locus of C, for a reason shortly to be explained, 
is called the evolute of the curve AB, which is itself called 
the involute. 

Ex. To find the equation to the locus of the centre of 
curvature of the ellipse 

2 2 

- + £ = 1 
o 2 b* 



Jt ..2 



Here u = \{t + | - 1 j = 0, 

du z du y 

dz a 2 ' dy b 2 9 

*H- L d%u - o — - I 

dz 2 "^' dzdy" y dif~b 2 ' 

du 2 cPu du du d 2 u du 2 d*u 
dy 2 dz 2 dz dy dzdy dz 2 dy 2 



~ a 2 b 2 [a 2 + b 2 ) a 2 b 2 '' 



hence (o - *) - = (/3 - y) - - - a % b 2 ( 4 + £ 



• a 2 - b 2 2 ,, &' - a » 
« - a + — -3 — ar - - (r + t y% 
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and therefore 

x a 1 y * 



or 



z_(aa \J y { W \ 
a~W-VJ' b~ \f-VJ' 



XV. 

Substituting these values of - , £ , in the equation 

a 
we get, for the equation to the evolute, 

(aaf + (A/3) ! = (a* - &}. 

7b ^A^to that the Normal at any point of the Involute is a 
Tangent at the corresponding point of the Evolute. 

138. By the formulae (7) of Art. (136) and the equation u - 0, 
we may obtain a and j3 in terms of x ; thus a and /3, as well as y, 
are functions of x : hence as x varies, a and )3 as well as y must 
simultaneously vary. Differentiating the equation 

(o - x) dx + Q3 - y) dy - 0, 

we shall accordingly obtain 

(o - x) d 2 x + (fi - y) rf*y + da dx + d(i dy - dx 2 - dy* - 0, 

and therefore, by virtue of the equation 

(a -*) d 2 s + (/3 -y) & % y-da?-dtf- 0, 

we have rfa di + df&dy** 0. 

This equation shews that the tangent to the involute at the 
point (x, y) is at right angles to the tangent to the evolute 
at the corresponding point (a, j3). Hence the normal at (x, y), 
which passes through C, must be a tangent to the evolute 
at (a, j3). 
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Generation of the Involute by the end of a thread unwound 

from the Eoolute. 

139. Since 

a - a: = - p sin i/>, 0-y = p cos *fc 

we have (a - zf + (fi -y)*=p' (1), 

and therefore 

(a-x)(da-dx) + (fi-y)(df5-dy) = pdp (2> 

Also we know that 

(a - x) dx + (/3 - y) dy = (3), 

and da dx + dfi dy = ^ ....... * (4> 

From (2) and (3) we see that 

(a - x) da + O - y) rf/3 - p dp ........ (5), 

and, from (3) and (4), 

(«-a0rf|3-(j3-y)rfa«O W. 

Adding together the squares of (5) and (6), we obtain 

{(a - xf + (/3 - y/} (da* + <#}') = p' dp\ 

and therefore, by (1), 

Let a denote an arc of the evolute originating at any pro- 
posed point and terminating at (a, /3) : then 

d<? = da 2 + rfj3 2 = df, 

and therefore, the positive or negative sign being chosen ac- 
cordingly as p decreases or increases with the increase of <r, 

dc ± dp = 0, <r + p = c, 

c being some constant quantity. 

We proceed now to give the geometrical interpretation of 
this result. 

First take a + p = c. Let C and P be any two corresponding 
points in the evolute and involute respectively. Let ACB 
be ^n arc of the evolute. Join CP, which will be the radius of 



i 
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curvature to the involute at the point P, and a tangent to 




the evolute at the point C. Let AC=* <r. and AB = c* Then 

AC+CP = c = AB. 

Hence it is obvious that, if a thread, of which the length is c, 
be fixed with one end at A > so as to touch the curve at this 
point, and be wound about the curve AB by a hand taking 
hold of the string at P, its extremity P will trace out the 
involute AB. 

Next take <r-p = c. Let BB = c, 2TC=<r, the origin of 
the arcs being now some fixed point B. Then 

BC-CP = c = BB, 

a result which points out the very same geometrical property 
as when we adopted the positive sign. From the geometrical 
property which we have established have arisen the names 
evolute and involute. 



To find the length of any Arc of the Evolute of a Curve. 
140. By the preceding Article we know that 

0" ± p = c. 
Let <r v p,, and <r a , p a , be corresponding values of <r, p : then 

*! ± P, - c = a 2 ± p a , 
or <r x ~ <r 2 = p x ~ p 2 . 

Hence, to find the length of an arc of the evolute correspond- 
ing to any proposed arc of the involute, we must take the 
difference between the radii of curvature at the two extremities 
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of the latter arc, and this will be the length of the former; 
provided that, for the whole interval, p either always decreases 
or always increases as a increases. 

Ex. To find the length of the whole evolute of an ellipse 

The radii of curvature at the extremities of the axes major 

b* a* 

and minor are -*- and — : hence the length of a quarter of the 

whole evolute is equal to 

b a f 

or the length of the whole evolute is equal to 

-4 s 
ab 
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CHAPTER VII. 



CONTACT OF CURVES. 



Definition of Order of Contact 

141. Let y' =/(#'), y' = F(z')> be the equations to two 
curves. Suppose (x, y) to be a point common to both curves. 

The two curves are said to have a contact of the first order at 
the point (z, y), if 

of the second order, if 

of the third order, if 

F(z)-f(*), *"(*)-/"(*), F"(x)=/'"(z), 

and so on ; the contact being of the r tb order if 

The higher the order of Contact, the closer the Contact, 

142. Let the curve y' = (#') have, at the point (#, y), a 
contact of the m 01 order with the curve y = F(z\ and of the 
n th order with the curve y' =f(z), and suppose m to be greater 
than n. Then, by the theory of vanishing fractions, when 
h becomes less than any assignable magnitude, 

F(z + h) - (a? + A) _ JF'Qg + A) - ft'Q + A) % 

/(* + h) I - (* + A) " /'(a: + A)- 0'(* + h) 

f"(x + h)-f(x + h) 

_ F"(z + h)-<l> n (z + h) = = 

~ /"(* + A) - ttC* + A) /•(*)-♦"(*) ' 
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or, corresponding to a small increment h of z, the difference 
between the ordinates of the curves y - F(z') 9 y' = <p (z), is 
indefinitely small in comparison with the difference between 
the ordinates of the curves y' =f(z'), y' = ${x'). Thus the 
contact is infinitely closer when of the mP than when of the 
n^ order. 



Order of Contact dependent upon the number of Parameters. 

143. Let the general equation to a family of curves be 

«'=0 (1), 

t/ being a function of x , y , the coordinates of any point whatever 
in any one of the curves, and of n parameters o„ a a , a 3 , . . . . a.. 
Differentiating the equation to the curve » - 1 times successively 
with regard to x' as the independent variable, we get 

Du n ^ 



ITu' 



«=°> 



dx 






(2), 



dx 1 '- 1 ~ ' 



j 



n - 1 equations involving x', y', and the n - 1 differential coeffi- 
cients 

di dy dy rf-y 

dx" dx"" dx"""" dx" 1 ' 

* Since we have n equations, (1) and (2), involving » parameters 
and n + 1 quantities 

, dy' cCy 1 dy d"Y 



X,V ' dx" dx~*' dx*' 



• • • • 



dx 



,'«-! 



(3), 



it is evident that we may assign any values we please to these 
n + 1 quantities, the values of the n parameters being deter- 
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mined accordingly. We may therefore obtain the equation to 
an individual of the family of curves denoted by the equation 
(1) which shall have a contact of the (n - I)* order with any 
proposed curve at any point (z, y), by assigning to the quan- 
tities (3) the values of the corresponding quantities in the pro- 
posed curve, and obtaining the values of the n parameters 
accordingly. Thus suppose that u' = F(z' 9 y', a v a# a 8 , . . . . a„) 
and ihatf(z) is the ordinate in the proposed curve at the point 
of contact : then v l9 o 2 , t? 3 , . . . . v n , denoting certain functions 
of x, we shall have 

and the equation 

&&> y> *>v *» v v O = °> 

will represent an individual of the family of curves represented 
by the equation (1), which shall have a contact of the (n - l)" 1 
order with the proposed curve at the point {z> y). 

Ex. 1 . The general equation to a circle is 

(*' - of + (y' - pf = P \ 

a, /3, p, being disposable constants, upon the particular mag- 
nitudes of which the dimensions and position of the circle 
depend. 

Let it be proposed to determine the values of a, j3, p, that the 
circle may have a contact of the second order with any proposed 
curve y" = <f> (z") at a point (z, y) of the curve. 

Differentiating the equation to the circle twice with regard to 
z y we have 

»■ _ „ + (,. . ffi * . „, 

If then for - z',y',-£- lf ^Jf,, 

we substitute the quantities 

x t/ d y ** 



I 

I 
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where -¥- and — - are supposed to denote the values of -^ 1 , and 
ax ax dx 

cPy" 

-7^7 2 at the point (x, y) of the curve, we shall have for the 

determination of a, /3, p, the three equations 

(*-«)' + (y - 0)» = p', 

*-« + ( y -/3)g = o, 

Now the equations (1) and (2) of Art. (136), supposing d*x to 
be zero, or x to be the independent variable, coincide with the 
last two of these equations. We see therefore that the coordi- 
nates of the centre of the circle, which has a contact of the 
second order with any proposed curve at any proposed point, 
coincide with those of the centre of the osculating circle at 
the same point; or that the osculating circle is identical with 
the circle which has a contact of the second order. 

Ex. 2. To determine the parabola which has a contact of 
the second order with an ellipse at an extremity of the latus 
rectum of the ellipse ; the equation to the ellipse being 



x" 2 



+ H£ 2 =i 



a 2 a 



and the axis of the parabola being parallel to the major axis of 
the ellipse. 

Let the equation to the parabola be 

ty + Pf-4m& + a) (1); 

then (y + /3) -£ = 2m (2), ' 

£*<r*»3- »■ 

From the equation to the ellipse there is 

z+2y-£ = (4), 
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'♦•£*%2- <•> 

Now the coordinates of an extremity of the latus rectum of the 
ellipse are -j- , — : hence, from (4), 

a + a d y = o ^ - l 

V2 dx dx V2 

and therefore, from (5), 

2 + a^ = ^ = - ? 
oV ' oV a 

Substituting these values of ~- and -—3 in (3), we get 

dx dx 

i + Qa + ^). — = 0, /3 = -Ja; 

a 



hence also, from (2), 



- 1 a 

(| a - \ a) . -7— = 2m, 4m = - 



V2 ' 2V2' 

and thence, by (1), 

<1 - »<•>*- 575 (£~> 



a a V2 5a 

+ a = , a = - 



V2 " 8 ' 4V2* 

Hence the equation to the required parabola will be 

, a\ a ( , 5a \ 

When the Radius of Curvature is a Maximum or Minimum, 

the Contact is of the third order. 

144. Let the equation to the curve be 

y" - * GO, 

and the equation to the circle of curvature, at a point (x, y) 
of the curve, 

y-aj + y-pf-f (i). 
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Then, putting -£ = p',-?L = q' f JL = r \ we may get from(l), 



by two differentiations, 






2 log p - 3 log (1 + p*) - 2 log q', 

and therefore, differentiating again, p being invariable as we 
pass from one point of the circle to another, 

Sp'q r' 



= 



14-y 2 q" 



J~'2 



•-**, (2). 

1 +p 

A • • r i_ i *<*!/" W W * 

Again, putting p % q 9 r, for the values of -*-„ , -^ , -^ , at 
the point (x, y), we know that 

p >JL±Pl y 2logp = 3log(l+/)-2log ? . 

But, if p be a maximum or minimum, -J- = 0, and therefore 
at such a point we have 

D-iO,-?:, r -3£> (3> 

1 + p 2 q \ + p 

Now, by the nature of the contact between a curve and its 
circle of curvature, the values of p, q, at the point (x, y), are 
p, q; hence, by (2) and (3), we see that the values of r at the 
point (x, y) is the same as that of r. Thus the contact between 
the circle and the curve must be of the third order. 



♦ 
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CHAPTER Vm. 



ENVELOPS. 



Case of a single Parameter. 

145. Let the equation to a family of curves be 

/(*', y\ a) = (l), 

x ' > t/> being the coordinates of any point in any one of the 
curves, and a being a parameter, the particular values of which 
determine the individual curves of the family. Suppose that a 
becomes a + &*, Sa being an indefinitely small increment of a. 
Then the equation (1) becomes 

/<y,y',a + &*)=0 (2). 

Let x, y, be the values of z', y, at the intersection of the 
curves (1) and (2); that is, of any two consecutive individuals of 
the family of curves. Then 

/(s,y,a)=0 (3), 

and f(z, y,a + Sa) = 0. 

Hence /(«»* « + *0 -/(*.* «) = 0) 

ca 

and therefore, when Sa is diminished without limit, we have 
ultimately 

d f(5£l±) = (4). 

Between the two equations (3) and (4) we may eliminate the 
parameter a, and we shall thus obtain an equation 

*(*»y)-o (5), 
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expressing the relation between the coordinates of the point 
of intersection of any and every two consecutive individuals 
of the family of curves : this equation will therefore represent 
a curve, which is the locus of such consecutive intersections. 

It is easy to see that the curve (5) touches each of the 
individuals of the family (1). In fact, differentiating the equa- 
tion (1), we get 

^-?/0'» V> «) dz 4 ^-//0'> V'f a ) d V % = ° ( 6 )- 

Again, since, by virtue of (3) and (4), a as well as y is a 
function of z, we have, differentiating (3), 
j j j 

faf( x > V> a ) dx + 5"/(*> V> <*)-dy + ^f( x > y> <*) da = 0, 

or, by the aid of (4), 

-T x f^ x > y> a )dz + -j-/0> y><*)dy = (7). 

Now, when z, y\ are replaced by z, y, 

£jW, V, a) = ±f(x, y, a), 

and djff^* 9 V ' ^ = Hj^ X ' Vi ^ ; 

hence, from (6) and (7), we see that the ratio of dy' to dx' is the 
same in the curve (1) as that of dy to dz in the curve (5) at 
their common point (z, y). 

The locus of the consecutive intersections of the individuals 
of a family of curves has been called their envelop in conse- 
quence of this property. 

Ex. 1. To find the nature of the curve which shall touch all 
the curves represented by the equation 

y = az - a 2 , 

whatever be the value of a. 

Differentiating with regard to a, we have 

= z - 2a ; 



ff 
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and therefore, eliminating a between these two equations, we 
obtain, for the equation to the required envelop, 

4y = x\ 

which represents a parabola. 

Ex. 2. Straight lines are drawn at right angles to the 
tangents of a parabola at the points where they meet a given 
straight line perpendicular to the axis: to find the envelop 
of these straight lines. 

The equation to a tangent to the parabola y* = 4mz will be 

y = a z+— (1): 

a 

let that to the given line be 

x + c = (2). 

The coordinates of the intersection of (1) and (2) will be 

m 
y = - ca + - , 
a 

x = - c: 
hence the equation to the perpendicular to the tangent will be 

y + ca = — {x + c), 

a a 

or ay - m + ca 3 = - (x + e) (3). 

Differentiating (3) with respect to the variable parameter a, 

W€ 8 et y+2c-a = (4). 

Eliminating a between (3) and (4) we have, for the envelop 
of (3), the parabola 

y 2 =4c{a;-(m-c)} (5> 

From the form of this equation it appears that, to arrive at its 
vertex we must proceed from the origin for a space m - c along 
the axis of x 9 and to arrive at the focus we must afterwards 
proceed for a space c : hence we shall have proceeded in all for 
a space m to arrive at the focus. Thus (5) represents a parabola 
confocal with y 2 - 4mx. 

Q 
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General case of any number of Parameters. 
146. Let the equation to a family of curves be 

«' =/0'> y'> <*i> %> <**> — a n) = ° 0)» 

x', y ', being the coordinates of any point in any one of the 
curves, and a v a %9 a 3 , ... a n , being w parameters, the particular 
values of which determine the individual curves of the family. 
We suppose these n parameters to be connected together by 
n - 1 equations, so that any w - 1 of them will be functional 
of the n th remaining one. • Let the n - 1 equations be 

Conceive a x9 a 2 , a 3 , ... a n , to become a x + Sa x9 a 2 + 8a 2 , a 3 + Sa 3 , 
... a n +Sa n ; Sa x , Sa 2 , 8a 3 , ... Sa w , being indefinitely small in- 
crements of the n parameters consistent with the simultaneous 
equations (2). Then the equation (1) becomes 

u* + $u =f(x, y', a x + Sa x9 a 2 + 8a 2 , a 2 + 8a 3 , ... a n + 8aJ = 0...(3). 

Let x, y> be the values of x' 9 y 9 at the intersection of the 
curves (1) and (3), that is, of any two consecutive individuals 
of the family of curves. Then, putting for the sake of brevity, 
a\ 9 a' 2 , a\ 9 ... a n9 in place of a x + Sa x9 a 2 +Sa 2 , a 3 + $a 39 ... 
a n + 8a n , we have, u and u + Su representing the values of u 
and u + 8u', when x> y r , are replaced by x 9 y, 

u =/0> y> <* x > « 2 > a s> — <0 = ° ( 4 )> 

and w + Su =f(x, y 9 a\ 9 a\ 9 a\ 9 ... a' J = : 

from these two equations we see that 

Au 

the numerator of the left-hand member of this equation denoting 
the total increment of the function u due directly and indirectly 
to an increment Ba x of a v Hence, proceeding to the limit, 
when $a x becomes less than any assignable magnitude, we have 

Du A 

- 7 - = 0, or Du = 0: 

da x 
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or, expressing the total in terms of the partial differentials, 

du , du , du T du , ^ ,_ N 

da, + -r- da n + -=— ao. + ... + -=— ao = . . . . (5). 



rfa t l 



rfo 2 a da 3 



da 



Differentiating the n - 1 equations (2), we get also the n - 1 
differential equations 






da. ^ + 



— - da. + 
da, da. 



2 w ~3 

rf *2 ^ , rf 02 



£*♦ 



+ & da - 



e?a. + 



, * <*«, 



<fo. + ... + 



<fy> J. . <ty> ^ . d h 



da, + 
da. l 



. da^ + -p da 3 + 
da„ da m 



da n 
di> 



da = 



da 



? da = 



aa. 



, rfa 2 + -4=! rfa. + ... + — *»-' da =0 
da n da. da_ n 



... (6). 



Adding the equations (6) multiplied in order by (n - 1) 
arbitrary quantities \, \ 9 X 3 , . . . . X^, to the equation (5), 
and equating to zero the coefficients of the differentials of 
the resulting equation, we obtain the n equations 



du 
da. 



+ A d ^ + X d ** 4. A d *> + + A d *«-* - o ) 
+ Al ^ + Xa doT + As ^ + '" + A -> ~da7 " ° 



dw ^ dfa 

+ A, 



aa 2 
da n 



du 



da K 



\ d ** + \ d **+ + A ***»•' ^ o 



+ A 



rf 0i , \ rf 0s 



'oa. 



+ X^ +A , ^ 



da a 



<ia fl 



+ - + A «% 1 - 



... (7). 






da "* do 2 do 3 da *" 1 da 

n n n n n 

Between the equations (2), (4), (7), l 2n in number, we may 
eliminate the 2n - 1 quantities a l9 a 2 , a 3 , ... a w , \, \ 9 X 3 , ... X^, 
and we shall then arrive at an equation 

F(z, y) = 

representing the required envelop of the family of curves. 

Q2 



228 ENVELOPS. 

Ex. 1. To find the equation to a curve which shall touch 
each of the family of straight lines defined by the equation 

a (5 
a and /3 being connected together by the equation 

a" + & = <? (2). 

Differentiating (1) and (2) with regard to a and /3, we have 

zda ydB /rtA 

-ir + -pr-° (3) ' 

a nA da + 0-W/3 = (4). 

From (3) and (4) there is 

= a , 

(5). 






Multiplying the two equations (5) by a, j3, adding and attend- 
ing to (1) and (2), we see that 

hence, from (5), a"* 1 = c?z, /3" +1 = <fy, 

and therefore, from (2), 

nun 

the equation to the required envelop. 

Ex. 2. An ellipse moves with its centre in the arc of an 
equal similar ellipse, and has its axes parallel to the axes 
of the fixed ellipse: to find the curve which envelops the 
moveable one. 

Let a, h y be the semi-axes of either ellipse; the equation 
to the moveable ellipse will be 

«• + ~P {) ' 
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where a, /3, are subject to the condition 

?♦£-• » 

Differentiating with regard to the parameters, we have 



i^« * + Ll£ dp - o, 



arfa fidfi 



= 0, 



a' 4' 

and therefore, X being an indeterminate multiplier, 

\a x - a 



3 9 

a a 



V 6* 



(3). 



By (1), (2), (3), we have 



«(*-q) 0(y-/3) 
*~ a* + J 5 * 

x {•&-> ♦ ^A>} . ,. 

and therefore X* = 1, X = ± 1. 

If X = 1, we have, from the equations (3), 

a = z-a, a = \z> j3 = £y; 
and therefore, from (2), we have for the equation to the envelop 



a? 



1 V 8 

which is the equation to an ellipse similar in form to either 
of the original ones, its axes being of twice the magnitude. 

Again, if X = - 1, we have from (3), 

* - 0, y = 0, 

which are the equations to a point, viz. the centre of the fixed 
ellipse, through which it is evident that all the moveable 
ellipses pass. 
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Intersection of Consecutive Normals to a Curve. 

147. The equation to the normal at any point x, y, of a 
curve f(z y t/) = 0, will be 

«-)%-v-*Z «, 

where u =f(x, y). Differentiating (1), considering a: as a vari- 
able parameter, of which y, — , and — - are functional, we get 

ax ay 

f , N / d*u • d 2 u j \ du y 

From (1) and (2), and the differential of the equation u = 0, 

we see that 

du* du? 

x' - x y - y _ da? d\f 

du du du? d?u du du d 2 u du? d?u ' 

dx dy dy 2 da? dx dy dxdy dx 2 dy* 

the values of x' 9 y, the coordinates of the intersection of two 
consecutive normals, coinciding with their values obtained 
otherwise in Art. (146). 
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CHAPTER IX. 



DIFFERENTIAL OF AREAS, VOLUMES, ARCS, AND SURFACES 



Differential of an Area. 

148. Let AB be any portion of a curve referred to rectangular 
axes Oz, Oy. Let PM y QN, be the ordinates of two points 
P, Q, of the curve, very near to each other. Let AC be the 




m ir 



ordinates of A. Draw PR and QS, at right angles to QN 
and MP produced. Let OM = z, PM = y, ON = z + Sz, 
QN = y + By ; let A = the area ACMP, and -4 + &4 » the 
area A CNQ. 

Then, since the area PQNM is evidently less than SQNM 
and greater than PRNM, it is plain that 

ySz < SA < (y + Sy) &r, 

SA 



or 



y < &T < V + ^ ' 



Proceeding to the limit, when Sz and 8y become less than any 
assignable magnitudes, y + Sy - y : hence ultimately, replacing 
small increments by differentials, we see that 

— - ■= y, or dA = ydx 
dz 
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Differential of a Volume of Revolution. 

149. Conceive a surface to be generated by the complete 
revolution of the curve AB> in the diagram of the preceding 
Article, about the axis of x. Let V represent the volume gene- 
rated by the area A CMP, and V+ SV that generated by the 
area ACNQ. Now it is shewn in ordinary treatises on Tri- 
gonometry that the area of a circle is equal to ir . (radius)^ 
where ir is the circular measure of 180°: hence the areas of the 
circles generated by the revolution of the ordinates PM> QN, 
will be equal to 

and therefore the volumes of the thin cylinders generated by 
the revolution of the areas PRNM, SQNM, will be equal to 

iry*$z, ir (y + By) 1 8x. 

But it is plain that 8 V is greater than the former and less 
than the latter of these cylinders : hence 

iry 2 Sx < SV < ir (y + Syf &r, 

sv 

or iry* < £-- < ir (y + Syf. 

Now ultimately, when Sx and Sy become less than any assign- 
able magnitudes, vtf and it (y + $yf, the limits of the value of 

SV 

-~— , become equal to each other : hence, replacing indefinitely 

small increments by differentials, we have 

dV , 

or dV=iry*dx. 

Differential of an Arc. 

150. Let the chord of the arc PQ in the figure of Art. (148) 
be denoted by c ; let arc AP = 8, arc PQ - §&. Then 

c*= Sx 2 + Sy\ 

L l Ji - ^ 
&" If + Sx 2 ' 
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Now ultimately, when Sx is diminished without limit, we 

know by the 7th Lemma of Newton's Principia that ~- = 1 : 

hence, replacing infinitesimal differences by differentials, we 
have 

dx 2 da? ' 

or ds 2 = da? + dy 2 , 

a relation which has been already established in Art. (100). 



Differential of a Surface of Revolution. 

151. Let S, S+8S, denote the areas of the surfaces generated 
by the revolution of the arcs AP> AQ, of the curve AB, about 




the axis Ox; then SS will represent the area of the surface 
generated by the arc PQ. From P, Q> draw Pp, Qq, parallel 
to the axis of x and each equal to the arc PQ. 

Let AP = s, PQ = Ss. Then, if Pp, Qq, revolve about Ox 
together with the rest of the diagram, they will generate two 
thin cylinders. The length of each of these cylinders will be 
equal to the curvilinear distance between the circular ends of 
the surface generated by PQ; but the average radii of the 
circular sections of this surface will evidently be greater ^than 
those of the former and less than those of the latter cylinder. 
Hence it is manifest that, 2wySs and 2tt (y + Sy) $s being the 
surfaces of the two cylinders, 

2iryfo < SS < 2tt (y + Sy) &, 

2w y < -*r < 27r (y + fy): 



or 



S* 
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but, when we proceed to the limit, by making Sy less than any 
assignable magnitude, the two quantities 2iry 9 2tt (y + Sy), 
become equal to each other ; hence, replacing indefinitely small 
differences by differentials, we see that 

— - = 2iry, dS= 2iruds. 
as 
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CHAPTER X. 



CURVES REFERRED TO POLAR COORDINATES. 



Tangency. 

152. In this chapter we shall investigate formulae, in relation 
to curves referred to polar coordinates, analogous to those which 
in the preceding chapters have been established in regard to 
curves referred to rectilinear coordinates. We shall begin with 
the investigation of the formulae of tangency. 




Let P and Q be any two neighbouring points of a curve 
AB. Let S be the pole, and SX an indefinite straight 
line through & Join SP, SQ, and let SP = r, L PSX = 0, 
SQ = r + 8r, L QSX = 0+80. Through P and Q draw the 
indefinite straight line BB! and let TT' be the tangent at P, 
which will be the ultimate position of the line BIS when the 
point Q approaches indefinitely near to P. From S draw 
SY, ST, at right angles to PT, PS, respectively : ST is called 
the subtangent at the point P. Let SY-p, ST= v, L SPT= 0, 
L SPB =» 0', arc AP = s, arc PQ = Ss, chord PQ = c. 
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Then from the geometry it is plain that 

c sin +' = (r + 8r) sin 86, 

c 8s . , ~ sin 80 , . 

&SS 8in * =(r + 8r) --80 (1); 

and c cos ^' + r = (r -f 8r) cos 80, 

sin 8 - 

or &se cos * +2r W-7 = se cosSe (2> 

Now ultimately, when 86 becomes less than any assignable 
quantity, 

c 8s ds , r, sin 86 

sm — 

-—1 = 1, cos 80 = 1: 

"2" 
hence, from (1) and (2), 

ds . 

d9* m + - r > 
or sin = -^r- (3) ; 

and dO C ° S + ~dd' 

or cos 4 = — (4 j. 

ds 

From (3) and (4), we have also 

rd6 /c , 

tan 6 = — r- (5). 

ar 

Adding together the squares of (3) and (4), we get 

= ! W dS 
" ds 2 * ds" 



or 



ds 2 = rW0* 4 dr 1 (6). 
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Also SY = p = r sin <p = -=- (7), 

as 

and ST = t = r tan <p = -^ (8). 

or 



Differential of an Area. 

153. Let P and Q be any two neighbouring points in a 
curve AB. Join SA, SP, SQ. "With S as a centre describe 




two circular arcs, PP', QQ', cutting SQ and SP produced, 
respectively in P and Q. Let -4,-4 + 8-4, denote the areas 
ASP, ASQ, respectively. Then it is evident that SA is 
intermediate in magnitude between the two circular sectors 
SPP>, SQQ, that is, 

lf*S0 JL SAL l(r + tor? $0, 

But ultimately, when SO, and therefore Sr, becomes less than 
any assignable magnitude, the two quantities £ r 8 , J (r + Sr) 2 , 

assume a ratio of equality : hence, replacing -^r by -^- , we 
nave 

dO " 2 ' 
or rf-4 = J r»rf0. 

Cor. If &4 be taken as the axis of x, and a perpendicular to 
SA through S as the axis of y, then 

x = r cos 0, y = r sin 0, 

<fo: = rfr cos - r sin dd, dy - dr sin + r cos rf0 ; 
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and therefore 
whence also 



zdy - ydx = rW0, 
dA = \ (xdy - ydx). 



Diagram of Differentials. 

154. From any point S l draw any line S 1 P l equal to r; 
produce S l P l to a point R x such that P^ = dr. From the 
point -Bj draw -RjQj at right angles to S^, and equal to rdO. 




Join Qj/S;, QjP,, and from S x draw ^Y,, S t T l9 to meet Q,^ 
produced, in Y V T V the line /S^ Y, being at right angles to P^T V 
and the line S^ being at right angles to S^. Then will 

P^, = ds, L 8 X P X T X = 0, iff, Y t = jt>, /S;?; = t?, area S^Q, = dA. 

The truth of this proposition is manifest from the formulae 
already established, 

sin <p . ds = rdO, cos <f> . ds = rfr, 

jt> = r sin 0, t? = r tan 0, gL4 = | rW0. 

We have on ly to remember this diagram in order to be able 
to call to mind all the polar formulae of tangency. 



Radius of Curvature in terms of r and p. 

155. Let \p denote the angle between the tangent TP of a 
curve AB, and the line SX. 
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Then p =» r sin 0, 

dp = rfr sin <p + r cos ^ <fy ; 

or, multiplying by ds and observing that sin <p ds = rtf0, and 
cos <pds = dr, 

dpds =» rrfOrfr + rd<j>dr = rrfr (rf0 + <fy) = rdrdip. 
But we know that, /> denoting the radius of curvature at P, 
p = — ; hence re/r 

Chord of Curvature through the Pole. 

156. Let the radius vector PS, produced if necessary, meet 
the osculating circle at P in a pointy ; and let Pp = q. Then 
it is plain that 

q = 2/o sin ^ 

= 2-. SIB* 

= 2^. 



Radius of Curvature in terms ofv and 6. 
157.* We have 

* = *+0 = tan-'( r -g) + 0, 

and therefore, considering dO constant, 



<ty = dB 



dr , t 
+ 1 



U + 



rfr 2 



* This method of investigating the expression for p is given in the 
Cambridge Mathematical Journal for November, 1840. 
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„ A (rW + dr*f _ (VW + drf 

ce p °dxf / " dxp ' dB (2dr» + fW - rd\) 

dr>\l 



t* + 



dff 



J 



. n dt* d x r 
r + 2 r — 

dP dP 



The expression for p may be written, in a form perhaps 
rather less difficult to be remembered, 

ds z 
P = 



dd (dr 1 + ds % - rrfV) ' 



Evolutes of Polar Curves. 

158. Let P be the centre of curvature at any point P of 
a curve -45 referred to polar coordinates. The line PP will, 




as we know, be a tangent to the locus of P. From S draw 
SY' at right angles to PP and join SP. Let SP' = r', ST = p. 

rdr 



Then, since PP = 



dp 9 



we see that r n - p* = ( — /? ) (I). 

Also p 2 + p 2 = r 2 (2). 

Between these two equations and the relation between p and 
r deducible from the equation to the involute, we may elimi- 
nate p and r, and thus obtain an equation between p' and r 
which will determine the nature of the evolute. Conversely, 
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haying given the equation to the evolute, or an equation 
between p' and r*, we may eliminate p' and r*, and obtain an 
equation in p and r for the determination of the involute. 

Ex. Let p* = r 2 - a 9 : then 

rdr 

T P =P > 

and therefore, from (1), 

r* =p'\ 

Also, from (2) and the proposed equation, 

p = a . 
Since 

^=r f2 =a 8 , 

it follows that the evolute is a circle of which the radius is a and 
of which the centre is at the pole. 

Asymptotes. 

159. An asymptote is a tangent to a curve, at a point infinitely 
distant, which passes within a finite distance from the origin of 
coordinates. Let then 

be the polar equation to a curve. Assume p = oo, and obtain from 
this equation any corresponding value of 0, if there be any such. 
Then ascertain whether the corresponding value of the expression 

r* — for the subtangent is finite, or infinite. If it be finite, 

a condition necessary for the existence of an asymptote, there 
will be an asymptote corresponding to the value assigned to 0. 
The asymptote will be constructed in the following manner. 
First draw the indefinite line SP inclined at the proper angle 
to the fixed line SX : from S draw ST at right angles to SP 

d0 
and equal to the value of r* -j- for the particular value of : 

dr 

through T draw a line parallel to SP; this line will be an 

asymptote. If there be several values of 0, when p - oo, which 

make r* -=- finite, there will be several asymptotes. 
dr 

R 
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ft 

Ex. 1. To find whether the curve r = ^ aas an asymptote. 
Assume r = oo : then 0=0. In this case 

Hence there is an asymptote parallel to the line SX. Through 
S draw ST = a, and draw TP parallel to SX ; TP will be the 




required asymptote. Had the value of v been negative instead 
of positive, we ought to have taken ST' , at right angles to SX, 
equal to a, and drawn a line through T', parallel to SX, for 
the asymptote. The positive direction of is indicated by the 
arrow ; we have considered only the positive values. 

Ex. 2. To find whether the curve 

aO 2 



r = 



9 1 - i 

has asymptotes. 

Assume r = oo : then Q = + 1 . 



Also 



and therefore 



r a[ l V)' 
dr 2 



r 2 dO aP ' 



v 



= haP. 



2 



If = 1, v =*\a; if = - 1, = - | a. Hence the curve has 
two asymptotes. 

Through S draw Pp, Pp, inclined at angles, each of a 
circular measure unity, on opposite sides of SX. Draw ST=^a 
at right angles to Pp, and ST= \ a at right angles to P'p. Through 
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T, T, draw KL, K'U, parallel respectively to Pp, Pp'. Then 




KL y K'L' 9 will be asymptotes. 

Asymptotic Circles. 

160. If, for any finite value a of p, becomes infinite, the 
curve will have an asymptotic circle, that is, a circle to which, 
as 6 keeps increasing, the curve continually approaches without 
ever actually meeting. 

Ex. 1 . Take the curve 

_ "A* 
r ~0*-i : 

then, when = oo, r « a : when has any finite value greater 
than unity, r is greater than a. Hence the circle of which 
r = a is the equation, is an interior asymptote. 

Ex. 2. In the case of the curve 

_ qfl 2 

r = a is the equation to an exterior asymptotic circle. 

Conditions for the Concavity and Convexity of the Curve towards 

the Pole and for Points of Inflection. 

161. When the curve is concave or convex towards the pole 
in the neighbourhood of any point, it is easy to see that p in- 
creases or decreases respectively as r increases, the converse 

r 2 
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proposition being likewise true. Hence, if -^- be positive, the 

dr 

curve is concave towards the pole, and convex if it be negative. 

tin 

The expression -^ must therefore change sign as we pass 

dr 

through a point of inflection. To ascertain then a point of 

inflection we must assume 

dp 

JL = o, or - oo, 

and ascertain whether any values of r, obtained from either 
of these assumptions, corresponds to a point in passing through 

which we observe a change of sign in -^ . 

dr 



J 
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CHAPTER XL 

ON THK METHODS OF TRACING THE FORMS OF CURVES FROM 

THEIR EQUATIONS. 



General Principles and Examples. 

162. From any proposed equation between x and y, the 
coordinates of the points which constitute a curvilinear locus, 
the form of the curve may be ascertained. The following is 
a general sketch of the ordinary method of effecting this object. 
First ascertain those values of x and y, if there be such, which 
render y and x respectively either zero or infinity : we shall 
thus determine where the curve cuts the axes of coordinates 
and the positions of asymptotes parallel to them. It will fre- 
quently be desirable next to ascertain the angles at which the 
curve cuts the axes. We must then determine the position 
of those asymptotes which are not parallel to either of the 
coordinate axes. The determination of the position of maxi- 
mum or minimum ordinates and of points of inflection, as well 
as of multiple points and cusps, will give additional precision 
to the diagram. If our object be merely to ascertain the general 
form of the curve, it is not usually necessary to determine the 
actual position of ^points of inflection or maximum or minimum 
ordinates, the algebraical discussion of the equation being ordi- 
narily sufficient to give a general notion of their position. 

The method of tracing polar curves from their equations is 
similar, mutatis mutandis, to that which we have described in 
relation to curves referred to two axes of coordinates. 

Ex. 1 . To trace the curve represented by the equation 

x 2 y + aby - a 2 x =* o. 
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Obtaining y explicitly in terms of z, we have 



y- 



az 



z % + ab' 



When y = 0, then z = or = oo. Hence the curve passes 
through the origin and touches the axis of z asymptotically. 

Let <p = the angle at which the curve cuts the axis of z at the 
origin : then, supposing a: to be equal to zero, 



tan <f> 



= ? = 



a 



a 



z z 2 + ab b 9 



a 



which shews that <t> = tan' 1 T , a positive angle depending upon 

b 

the ratio between a and b. 

Also, y is positive or negative accordingly as z is positive 
or negative. It is evident also that so long as # is finite y is 
finite. 

The form of the curve will therefore be such as in the sub- 
joined diagram. 




Since y is zero when z = - oo, = 0, and = + oo, it is plain that 
y must have two geometrical maxima. Their exact position 
may be found by differentiation, or thus : from the equation to 
the curve there is 

4£y - 4c?zy + a 4 = a 4, - 4aby 9 9 

(2zy - a 2 ) 2 = a 4 - 4aby>. 

In order that z may be possible, the left-hand side of this 
equation must not be negative ; hence the greatest value of y, 
without reference to sign, is given by the equation 

a 4 - laby* = 0. 
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Hence y = — , x = a b , 

2b k 

a 

and y = , x - - ab , 

2* 1 

determine two points P, P of the curve, the ordinates of which 

a i 
are geometrical maxima. The value is an analytical mini- 

2i* 

mum of y, heing its greatest negative value. It is easily seen 

from the general form of the curve that there must be a point 

of inflection at the origin of coordinates, and two others between 

x - - oo, x = 0, and x «= 0, x = + oo. We will however prove 

this analytically, and determine the actual position of these 

points. 

Differentiating twice, we get 

dy _ 2 ab - x % 

dx~ a (x*+ abf ' 

^V = o /2 2 s (s» - 3qft) . 

dx 2 ' (x* + abf ■ 

from this result it appears that there are three points of inflec- 
tion, one at the origin, and two others Q, Q / , of which the 
coordinates are 



X = 


(3«*)*, y- 


4»»' 


X = - 


-(3«J)*, y=- 


5 i 
3V 

i 



and 

This curve was called the Anguinea by Newton, in conse- 
quence of its form, and is one of the seventy-two species of 
curves of the third. order which he has enumerated. 

Ex. 2. To trace the curve 

x 3 - axy - Vy = 0. 
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Making y explicit, we have 

ax + b 



When 



V 



x =» , y = qp : hence 



ax + V - 



is the equation to an asymptote, -41?. 
When a: » 0, y « 0, and 



0, 



a: a# + 4 a 

which shews that the curve touches the axis of a? at the origin. 

When x has any positive value or any negative value greater 

b % . V 
than — , y is positive, being negative from x = to a: = 0. 

When x = ± oc, y = + oo. This curve is one of a class to which 
the name of Trident has been given by Newton : its form is 
indicated in the following diagram. 




Ex. 8. To trace the curve 

y - -> > 

a being supposed to be less than b. 

When #«+o or =-0, y = ± oo , which shews that the axis 
of y is an asymptote. When# = -a, y = 0; when x = ± J, y=*0. 
If x have a greater value than J, without reference to sign, 
y will be impossible. For each value of x 9 there will be two 
equal values of y with opposite signs, which shews that the 
curve is symmetrical with relation to the axis of x. 
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Let a, /3, be the angles at which the curve cuts the axis 
of x, viz. when x = - a, or » ± b respectively : then 

tan 8 a = limitof ; — £ — . , when x = - a 9 

(x + ay 



limit of 



V -x % b 2 - a 8 



.8 ' 



a: a 

which determines two equal values for a with opposite signs. 

Also tan 2 fii =» limit of tt^—^ > when x = ± b, 



-**«*!$& 



= 00 



IT 



which shews that 8 =» — . 

^ 2 

This curve is the Conchoid of Nicomedes : its general form is 
indicated in the following diagram, where OA - a, OjB - O^- J. 




If a had been supposed to be greater than A, the curve 
would have had the following form, the point A being a 
conjugate point. 
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If a ~ A, the curve will have the following form, there being 
a cusp at B. 




Ex. 4. To trace the Cissoid of Diocles from its equation 

a? 



y* = 



a - x 



If a; be negative or greater than a, y is impossible. If x = a, 
then y = ± oo , and therefore x = a is the equation to an asymptote. 
Since for each value of x there are two equal values of y with 
opposite signs, it follows that the curve must be symmetrical 
in regard to the axis of x. Also, when x = 0, 



x 2 



X 



a - x 



= 0, 



and therefore there is a cusp at the origin. The form of the 
curve is the following. 

y 



o 



CO 



Ex. 5. To trace the Lemniscata of James Bernoulli from 

its equation 

(x* + y y = a*(x*-tf). 

This may be effected most readily by transforming the equa- 
tion to polar coordinates. Thus, putting x-r cos 0, y = r sin 0, 
the equation becomes 

r* = a 2 (cos 2 - sin 2 0) - a 2 cos 20. 
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When 0=0, r = ±a, which shews that the curve cuts the 
axis of x at two points A, A', equidistant from 0. "When 

= — , r = 0, and when > — and < — , r is impossible. 
4 4 4 

For each value of 0, r has two equal values with opposite signs, 

and r has the same values when - is substituted for + 0. 

The curve is therefore symmetrical in regard to both axes 

of coordinates. 



Also 



2 log r = 2 log a + log cos 20, 

_ dr - 2 sin 20 



rd0 cos 20 



d0 



r — - = - cot 20 =s oo , when 0=0. 
or 

Hence the curve cuts the axis of x at right angles at A 
and A'. The form of the curve is exhibited in the diagram 




a? 



Ex. 6. To trace the semi-cubical parabola, of which the 
equation is ay2 = x * 

Its form is the following. 



y 



/ 




Ex. 7. To trace the logarithmic curve of James Gregorie, 
of which the equation is 

y = a x - 

The form of the curve is expressed in the diagram, Ox or 
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Ox being the positive direction of the axis of x accordingly 
as a is greater or less than unity. 




Ex. 8. To trace the Quadratrix of Tschirnhausen from its 

equation 

y = sin — . 
y 2 

When x = 2X + 1, X being any integer, 

y « sin < (2X + 1) — I = cos irk = (- l) x , 

which shews that y is equal to + 1 when x has any one of the 
series of values 1, 5, 9, ... , and to - 1, when x has any one of 
the series of values 3, 7, 11, ... . 

Also, when x = 2X, X being any integer, 

y = sin X7r = 0, 

or the curve cuts the axis of x at distances 

• • • • — V, "~ 4, — Zy U, Zy 4, O, • . . . 

from the origin of coordinates. 
Also, when y = 0, or x = 2X, 



dy ir 
dx~ 2 



ttx it , ^ 

COS = - (- 1)X 

2 2 v J ' 



and therefore the angles at which the curve cuts the axis of x 
are equal and alternately positive and negative. We may 
remark also that, when x = 2X + 1 , 



dy ir fir 

-^ = — cos - + Xtt 

dx 2 V 2 



)-o, 



or the tangent is parallel to the axis of x. 
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The form of the curve, from the preceding conclusions, is 
evidently the following, being infinite both in the positive 
and in the negative direction of the axis of x. 




Ex. 9. To trace the Versiera or Witch of Donna Maria 
Agnesi from its equation 

xy % = a 2 (a- xy 



Oi 



There are two points of inflection corresponding to the value 
2 a of x. 

Ex. 10. To trace the Quadratrix of Dinostratus from its 

equation vx 

y « (a - x) tan — . 

This curve cuts the axis of x at a series of points, the 
distances of which from the origin are represented by the 




expression 2\a 9 where \ is any integer, positive or negative. 
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It has also a series of asymptotes parallel to the axis of y, and 
at the general distance (2X + 1) a from the origin, X being 
any integer positive or negative, but not zero. 

Ex. 11. To trace the Cardioid from its polar equation 

r = a (1 - cos 0). 

It is evident that, as increases from to ir> r increases 
from to 2a; and that the expression for r remains unaltered 
when - 9 is substituted for + ft Also 



and therefore 



log r = log a + log (1 


- cos 0), 


dr sin 




rdd 1 - cos ' 




d0 1 - cos e 
r — = 
dr [sin 




= tan - 
2 





= 0, when = 0, 

= ao , when = ir. 

Hence the form of the curve must be such as that exhibited 
in the diagram, there being a ceratoid cusp at the origin of 
polar coordinates. 




Ex. 12. To trace the spiral of Conon or Archimedes from 
its equation r = a Q 

The dotted line in the figure indicates that portion of the 
curve which is due to the negative values of 0. 
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Ex. 13. To trace the Logarithmic Spiral of Descartes from 

its equation t 

r = cc*. 




■jr. 



This curve is called also the Equiangular Spiral, because it 
cuts all its radii at the same angle : in fact 

log r = log c + - , 

a 

dr 1 rdB 

— ^ = - , —r— = a, a constant quantity. 
rdO a dr * J 

Ex. 14. To trace the Lituus from its equation 

This curve touches Ox asymptotically, and approaches by 
an infinite number of circumvolutions. 




-sr 



For methods of constructing geometrically the curves which 
have been above considered, and deducing their equations from 
their geometrical properties, which is the converse of the course 
which we have adopted, as well as for historical information 
respecting them, the student is referred to Peacock's or 
Gregory's Examples. 

Ex. 15. To trace the curve represented by the equation 

x h + y* = a % xy. 

It is evident that x and y must have the same sign : hence 
the curve can lie only in two quadrants. In the neighbourhood 



256 



ON THE METHOD OF TRACING 



of the origin, neglecting small quantities of higher orders than 
the second, we have 

sy= 0, 

which shews that the axes of x and y are both touched by a 
branch passing through the origin. If - x and - y be written 
for x and y, the equation is not altered, and therefore the curve 
is the same in both quadrants. It is impossible for either x or y 
to be infinite, since x A + y* would then be a positive quantity 
of an infinitely higher order of magnitude than a*zy. The curve 
must therefore be of the form 





a? 



Ex. 16. To trace the curve represented by the equation 

x* + y* = 2aztf. 

At the origin there is 

sy* = 0, 

which shews that the axis of x is touched by two branches and 
the axis of y by one branch of the curve. It is evidently impos- 
sible for * to have a negative value. The curve is symmetrical 
with respect to the axis of x, because its equation remains the 
same when - y is substituted for + y. Neither x nor y can be 
infinite, since x A + y* would then be infinite compared with 
2axy\ 

Hence the curve must be of the form 
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Homogeneous Curves. 
163. Curves represented by equations of the form 

u - c, 

where u is a homogeneous function of x and y, and where 
c is a constant quantity, may be traced very conveniently 
by assuming y « tx 9 and obtaining x and y in terms of t : 
a series of values must be assigned to t, and the corresponding 
values of x and y must be tabulated. It is desirable, however, 
first to ascertain whether there be any asymptotes by the 
method of Art (110), Chap. II. 

Ex. 1. To trace the curve 



z*y - vy b = «'. 



Putting x - — , y = — , we get 



and 



XV - \ft* = oV (1), 

/ ,( 5 V-^)g-X(5^-V)f =6«V....(2). 
From (1) we see that 

(x) O) (O) 4 - 00 4 } = o, 

and, from (2), 

(p) {5 (X)' - (/*)*} ("£) - (X) {5 (,*)' - (X)'} (^) = 0. 

Hence we have the four systems 

(X) = (/*) 

d i) - it) - » 





dr 

(X) + (/*)= 

^ + f ^ = 
«W \drj 

Hence, from the equation 

dfi 



(X) y' - ( M ) x 1 = (X) 



rfr ; ^ [ dr 
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we obtain four asymptotes to the curve, represented by the 
equations 

x =0, y' - 0, y - x - 0, t/ + a:' = 0. 
Again, putting y « to, we see that 



a;' 



a" 



*(1-*V 



y 8 



6^5 



at 



\-f 



and therefore, observing that the ratio of y to x must be always 
of the same sign as t, we have the following table of cor- 
responding values : 



t 


X 


y 


+ 


+ 00 


+ 


+ 


- 00 


-0 


1-0 


+ 00 


+ oo 


1-0 


- 00 


- 00 


- 00 


+ 


-00 


- 00 


-0 


+ 00 


- (1 + 0) 


+ 00 


- 00 


- (1 + 0) 


- 00 


+ oo 



The form of the curve will therefore be the following. 
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Ex. 2. To trace the curve 

a?y - 2a?y* + ztf » a*. 




The Cycloid. 

164. As an example of deducing the equation to a curve 
from its geometrical definition, which is exactly the converse 
of tracing a curve from its equation, we will investigate the 
equation to the cycloid from the nature of its generation. 




Let C be the centre of a circle in contact at A with the 
straight line HK. Let be the extremity of the diameter 
through A. Suppose this circle to roll, without sliding, along 
HK; the point of the circumference will then trace out 
a curve OPK, which is called the Cycloid. Let OAx be 
taken as the axis of x, and Oy, at right angles to OA> as 
the axis of y. Suppose that, when has arrived at a point P 
of the cycloid, the circle has revolved about its centre through 
an angle 0; then its centre must have advanced, parallel to 
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HK, through a space aO, a being the radius of the circle: 
for, since the circle rolls without sliding, it follows that the 
velocity of its point of contact, parallel to KH> due to its 
rotation about C, must be equal to the velocity of its point 
of contact, parallel to HK, due to the translation of C 

From C draw CQ, making L OCQ = 0: draw MQ at right 
angles to AO, and produce MQ to P, making QP equal 
to aO. Then Q will be the position into which O would be 
carried by the rotation alone, QP being its additional progress 
due to the translation of C. Let OM = x, PM = y. Then 

x = OC - CM = a - a cos = a (1 - co3 0), 
and y = PQ + QM = a0 + a sin = a (0 + sin 0) : 

eliminating 0, we shall get 

y - a vers" 1 - + (2az - a?) , 
a 

which is the equation to the cycloid. 

The curve will evidently be symmetrical on both sides of the 
axis of x : for if we put - for 0, we see that y retains the 
same magnitude with an opposite sign, and x remains entirely 
unchanged. 

If = 7T, y - AK= ira = AH. Also arc OQ = a0 = PQ. 

If for we write 2A7r + 0> A being any integer whatever, the 
expression a(l - cos 0) remains unchanged, while a (0 + sin 0) 
receives an increment 2A7ro. This shews that the two equa- 
tions between 0, x, y, represent a series of similar, equal, and 
similarly situated cycloids, with their vertices arranged along 
the axis of y, both in the positive and negative directions, at 
intervals of 2wa. 



Tangent and Normal to the Cycloid. 

165. The general equation to the tangent of a curve is 

x'dy - y'dx = xdy - ydx : 
this equation becomes, for the cycloid, 

x (1 + cos 0) - y sin = (1 - cos 0) (1 t- cos 0) - (0 + sin 0) sin 

= - sin 0. 
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If $ be the inclination of the tangent to the axis of x, then 

dv 1 + cos sin 

tan ^ = -f- = — . a =- a , 

T dx sin 1 - cos 

a result which shews that the tangent at P is parallel to the 
chord OQ, and that consequently the normal at P is parallel to 
the radius CQ. 

Arc of the Cycloid. 

166. Differentiating the formulae for x and y, we get 
ds 2 - dx 2 + dy 2 = a 2 sin 2 dff> + a 2 (1 + cos 0) 2 d& 

« 2aW 1 + cos 0) 

2a 2 sin : 0dP 

1 -e:s 

2aefc 2 

a: 

dfe = ( — ) dx, s = (802:) , 

or s 2 = Sax. 

Let c = the chord of the arc OQ; then, by the nature of the 

circle, 

c 2 = 2ax : 

hence s 2 = 4c 2 , 

or arc OP = 2 chord OQ. 

Radius of Curvature of the Cycloid. 

167. By Art. (132), we have 

_ {dx 2 + rfy 2 ) 3 
P (<fcd 2 y - efytf V) 2 " 

Taking as the independent variable, 

dx - a sin 0</0, d 2 # = a cos 0rf0 2 , 

dy => a (I + cos 0) rf0, rf 2 y = - a sin 0C/0 2 : 
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hence da? + dy* = 2a % dV (1 + cos 0), 

dzd 2 y - dyd 2 z = - a*rf0* (1 + cos 0) ; 

and therefore 

p 2 = 8a* (1 + cos 0) = 8a (2a - z). 

Evolute of the Cycloid. 

168. If a, /3, be the coordinates of any point of the evolute, 
then, by Art (136), 

adz + (5dy = xdx + ydy 9 
and aef 2 # + /3rf*y = #d*£ + yrf 2 y + efo* + dy*. 

From these two equations there is 

a (dzd 2 y - dyd 2 x) = £ (dzd 2 y - dyd 2 z) - dy (da? + dy*)...(l), 
and /3 (dyd 2 z - dzd 2 y) = y (dycPz - dzd 2 y) - efo (dy* + cfo*)...(2). 

From (1) we have, expressing z and y in terms of 0, 
- a (t + cos 0) = - a (1 - cos 0) (1 +cos 0) - a (1 + cos 0). 2 (1+ cos0), 
hence a = a (1 - cos 0) + 2a (1 + cos 0) = a (3 + cos 0), 

or a - 2a = a (1 + cos 0) (3). 

From (2), we have 
j3 (1 + cos 0) = a (0 + sin 0) (1 + cos 0) - sin . 2a (1 + cos 0), 

or = a (0 + sin 0) - 2 sin = a (0 - sin 0) (4). 

Putting = <p ± w in (3) and (4), we have 

a - 2a = a (1 - cos 0) (5), 

and /3 = a (^ ± 7r + sin 0), 

or /3 T 7ra = a (^ + sin 0) (6). 

If we now change the origin to a point 2a, ± ira, by putting 
a = a + 2a, (5 = /3' ± ira, in (5), (6), we get 

u = a (1 - cos <j>) (7), 

and /3' = a (^ + sin 0) (8). 
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These results shew that the evolute of the cycloid HOK is 
a portion of the locus consisting of the infinite series of cycloids 




denoted by the equations (7) and (8). Two of this series have 
their vertices at Hand K, and their point of junction O , where 
they form a cusp, in the line OA produced, AO' being equal to 
AO, It is evident that each of the cycloidal evolutes is similar, 
and equal to the original cycloid, and similarly situated. HOK 
is evidently the portion of the locus of (7) and (8) which con- 
stitutes the evolute of HOK 



THE END. 
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LEMS proposed at St. John's College, Cambridge, from 
1830 to 1846, consisting chiefly of Examples in Plane Co- 
ordinate Geometry. With an Appendix, containing several 
feneral Properties of Curves of the Second Order, and the 
determination of the Magnitude and Position of the Axes 
of the Conic Section, represented by the General Equation 
of the Second Degree. 8vo. 12*. 

SOLUTIONS OF THE TRIGONOMETRICAL 

PROBLEMS proposed at St. John's College, Cambridge, 
from 1829 to 1846. 8vo. 9*. 

The GEOMETRICAL CONSTRUCTION of a 

CONIC SECTION, subject to five Conditions of passing 
through given Points and touching given Straight lines, 
deduced from the Properties of Involution and Anharmonic 
Ratio ; with a variety of General Properties of Curves of the 
Second Order. 8vo. St. 
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By the Rev. W. N. GRIFFIN, M.A. 

Late Fellow and Tutor of SL John's College, Cambridge. 

A Treatise on the DYNAMICS of a RIGID BODY. 

8vo. 6*. 6d. 

SOLUTIONS of the EXAMPLES appended to 

a Treatise on the Motion of a Rigid Body. 8vo. 6s. t 

A Treatise on OPTICS. 

Second Edition. 8vo. 8$. 

Cambridge. 
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By the Rev. HARVEY GOODWIN, MA. 

Late Fellow and Mathematical Lecturer of Oonville and Qnua College* 

Cambridge. 

An ELEMENTARY COURSE of MATHE- 

MATTCS, designed principally for Students of the University 
of Cambridge. Third Edition. 8vo. 18*. 

ELEMENTAEY MECHANICS, chiefly for the 

use of Schools. Part I. Statics. 6*. 
Part II. Dynamics. Preparing* 



A Short TREATISE on the CONIC SECTIONS, 

for the use of Schools. Preparing. 

This Treatise will be printed uniformly with, and may 
be considered as s Companion to, the "Elementary 
Mechanics." 

A Collection of PROBLEMS and EXAMPLES, 

adapted to the " Elementary Course of Mathematics." With 
an Appendix, containing the Questions proposed during the 
first Tnree Days of the Senate-House Examinations in the 
Years 1848, 1849, 1850, and 1851. Second Edition. 8vo. 6a. 

ASTRONOMY, Elementary Chapters in, from the 

" Astronomic Physique" of Biot. 8yo. 3*. 6d. 



SOLUTIONS of GOODWIN'S COLLECTION of 

PROB LEMS and EXAMPLES. By the Rev. W. W. 
HUTT, M.A., Fellow and Sadlerian Lecturer of Gonville 
and Caius College. ' 8vo. &3. 

A Treatise on the Application of Analysis to SOLID 

GEOMETRY. Commenced by D. F. GREGORY, M.A., 
late Fellow and Assistant Tutor of Trinity College, Cam- 
bridge ; Concluded by W. WALTON, M.A., Trinity College, 
Cambridge. Second Edition, revised and corrected. 

8vo. 12ff. 

Examples of the Processes of the DIFFERENTIAL 

and INTEGRAL CALCULUS. Collected by D. F. GRE- 
GQRY, M.A. Second Edition, edited by W. WALTON, 
M.A., Trinity College. 8vo. 18*. 

John Deighton, 
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By the Rev. J. HIND, M.A., F.C.P.S., & F.R.A& 

Late Fellow and Tutor of Sidney Sussex College, Cambridge, 

The ELEMENTS of ALGEBRA. 

Fifth Edition. 8vo. 12s. 6d. 

the Principles and Practice of ARITHMETICAL 

ALGEBRA: Established upon' strict methods of Mathe- 
matical Reasoning, and Illustrated by Select Examples pro- 
posed during the last Thirty Years in the University of 
Cambridge. Designed for the use of Students. Third 
Edition. 12mo. 5s. 



The Principles and Practice of ARITHMETIC, 

comprising the Nature and Use of Logarithms, with the 
Computations employed by Artificers, Gagers, and Land 
Surveyors. Sixth Edition. 12mo. As. 6d. 



By the Rev. J. H7MEBS, D.D. 

Fellow and Tutor of St, John's College, Cambridge* 

Elements of the Theory of ASTRONOMY. 

Second Edition. 8vo. 14*. 

A Treatise on tho INTEGRAL CALCULUS. 

Third Edition. 8vo. 10s. 6d. 

A Treatise on the Theory of ALGEBRAICAL 

EQUATIONS. Second Edition. 8vo. 9s. 6</. 

A Treatise on CONIC SECTIONS. 

Third Edition. 8vo. 9*. 

A Treatise on DIFFERENTIAL EQUATIONS, 

and on the Calculus of Finite Differences. 8vo. 10s. 

A Treatise on ANALYTICAL GEOMETRY of 

THREE DIMENSIONS. Third Edition. 8vo. 10*. 6«f. 

A Treatise on TRIGONOMETRY. 

Third Edition, corrected and improved. 8vo. 8*. <W. 

A Treatise on SPHERICAL TRIGONOMETRY. 

8vo. 2*. 6d. 

Cambridge. 
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Essay towards an Improved System of DIFFE- 
RENTIAL LIMITS. By the Rev. J. HORNER, M.A., 
late Fellow of Clare Hall, Cambridge. 8yo. 2*. 6d. 

Elements of the CONIC SECTIONS, with the 

Sections of the Conoids. By the Rev. J. D. HUSTLER, 
late Fellow and Tutor of Trinity College, Cambridge. Fourth 
Edition,* 8vo. 4*. 6d. 

MATHEMATICAL TABLES. By Dr. Hutton, 

Edited by O. GREGORY, M.A. Eleventh Edition. 

Royal 8vo. 18*. 

THEORY of HEAT. By the Rev. P. Kelland, 

late Fellow of Queens' College, Cambridge. 8to. 9*. 



By W. H. MILLER, MJL 

Frofeseor of Mineralogy in the VMoerntif of Cambridge. 

The Elements of HYDROSTATICS and HYDRO- 
DYNAMICS. Fourth Edition. 8vo. 6*. 

Elementary Treatise on the DIFFERENTIAL 

CALCULUS. Third Edition. 8vo. 6#. 

A Treatise on CRYSTALLOGRAPHY. 

8vo. 7*. 6 if 



THEORY of ELECTRICITY, Elementary Prin- 
ciples of the. By the Rev. R. MURPHY, M.A., late 
Fellow of Cams College, Cambridge. 8vo. 7*. 64. 

SIR ISAAC NEWTON and Professor COTES, 

Correspondence of, including Letters of other Eminent Men, 
now first Published from the Originals in Trinity College 
Library ; together with an Appendix, containing a variety 
of other Unpublished Letters and Papers of Newton's. With 
Notes and Synoptical View of Newton's life, by the Rev. 
J. EDLESTON, M.A., Fellow of Trinity CoUege, Cambridge. 

8vo. 10*. 

NEWTON'S PRINCIPIA, the First Three Sec- 

tions of, with an Appendix; and the Ninth and Eleventh 
Sections. Edited by the Rev. J. H. EVANS, M.A., late 
Fellow of St. John's College, and Head-Master of Sedburgh 
Grammar School. Third Edition. 8vo. 6*. 

John Deighton, 
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By the Rev. M. O'BRIEN, MJL 

Professor of Natural Philosophy, Kind's College, London. 

MATHEMATICAL TRACTS. On La Place's 

Coefficients ; the Figure of the Earth ; the Motion of a Rigid 
Body about its Centre of Gravity ; Precession and Nutation. 

8vo. U. 6d. 

An Elementary Treatise on the DIFFERENTIAL 

CALCULUS, in which the Method of Limits is exclusively 
made use of. 8vo. 10a. 6a. 

A Treatise on PLANE COORDINATE GEOME- 

TRY; or the Application of the Method of Coordinates to 
the Solution of Problems in Plane Geometry. 8vo. 9a. 



A TREATISE on ALGEBRA. By the Rev. G. 

PEACOCK, D.D., Dean of Ely, Lowndean Professor of 
Astronomy, &c. &c. 

Vol. I. Arithmetical Algebra. 8vo. 10*. 

Yol. II. Symbolical Algebra, and its Application to the 
Geometry of Position. 8vo. 16*. 6a", 

TRANSACTIONS of the CAMBRIDGE PHILO- 
SOPHICAL SOCIETY, 8 vols. 4to. with Plates, 16/. 3a. 

The Elements of the CALCULUS of FINITE 

DIFFERENCES, treated on the Method of Separation of 
Symbols. By J. PEARSON, B.A., Trinity College, Cam- 
bridge. Second Edition, enlarged. 8vo. 5s. 

Geometrical Illustrations of the DIFFERENTIAL 

CALCULUS. By M. B. PELL, B.^., Fellow of St. John's 
College. 8vo. 2a. 6a*. 

SENATE HOUSE PROBLEMS for 1844. With 

Solutions, by M. O'BRIEN, M.A., Caius College, and 
R. L. ELLIS, M.A., Trinity College, Moderators. 

4 to. sewed, 4a. 6rf. 

A Treatise on the MOTION of a SINGLE PAR- 

TICLE, and of two Particles acting on one another. By 
A. SANDEMAN, M.A., late Fellow and Tutor of Queens' 
College, Cambridge. 8vo. 8a. 6d, 

Cambridge. 
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By W. WALTON, MJL 

TKmty College, Cambridge. 

A Collection of Problems in Illustration of the 

Principles of THEORETICAL HYDROSTATICS "and 
HYDRODYNAMICS. 8vo. 10*. &*. 

A Treatise on the DIFFERENTIAL CALCULUS. 

8vo. 10*. 67*. 

A Collection of Problems in Illustration of the 

Principles of THEORETICAL MECHANICS. 8vo. 16a. 

Problems in Illustration of the Principles of PLANE 

COORDINATE GEOMETRY. 8vo. 16*. 



The Principles of HYDROSTATICS: An Ele- 

mentary Treatise on the Laws of Fluids and their Practical 
Application. By T. WEBSTER, M.A., Trinity College. 
Third Edition. 12mo. 7*. 6rf. 

The Theory of the Equilibrium and Motion of 

FLUIDS. By T. WEBSTER, M.A. 8vo. 9*. 

The Elements of PLANE TRIGONOMETRY, 

with an Introduction to Analytical Geo metry , and numerous 
Problems and Solutions. By J. M. A. WHARTON, M.A. 

12mo. 45. &d. 

The ■ Elements of ALGEBRA, Designed for the 

use of Students in the University. By the late J. WOOD, 
D.D., Dean of Ely, Master of St. John's College, Cambridge. 
Thirteenth Edition, revised and enlarged, by T. LUND, 
B.D., late Fellow and Sadlerian Lecturer of St. John's Col- 
lege, Cambridge. 8vo. 12*. 6rf. 

# 

A Companion to Wood's ALGEBRA. Containing 

Solutions of various Questions and Problems in Algebra, and 
forming a Key to the chief difficulties found in the Collection 
of Examples appended to Wood's Algebra. By the Rev. 
T. LUND, B.D. 8vo. 6*. 

John Deighton, 
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By W. WHEWELL. D.D. 

Master of Trinity College^ Cambridge, 

CONIC SECTIONS: their principal Properties 

proved Geometrically. 8vo. 1*. 6rf. 



An Elementary Treathfe on MECHANICS, intended 

for the use of Colleges and Universities. Seventh Edition, 
with, extensive corrections and additions. 6vo. 9*. 



On the FREE MOTION of POINTS, and on 

Universal Gravitation. Including the principal Proposi- 
tions of Books I. and III. of the Principia. The first 
Part of a Treatise on Dynamics. Third Edition. 8vo. 10s. 6d. 



On the CONSTRAINED & RESISTED MOTION 

of POINTS, and on the Motion of a Rigid Body. The 
second Part of a Treatise on Dynamics. Second Edition. 

, 8vo. 12*. 6rf. 

DOCTRINE of LIMITS, with its Applications: 

namely, Conic Sections ; the First Three Sections of Newton ; 
and the Differential Calculus. 8vo. 9s. 



ANALYTICAL STATICS. 

8vo. 7». 6d. 
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MECHANICAL EUCLID, containing the Ele- 

ments of Mechanics and Hydrostatics, demonstrated after 
the manner of Geometry. Fifth Edition. 12mo. 5*. 



The MECHANICS of ENGINEERING, intended 

for use in the Universities, and in Colleges of Engineers. 

8vo. 9s. 



A Collection of Examples and Problems in PURE 

and MIXED MATHEMATICS ; with Answers and occa- 
sional Hints. By the Rev. A. WRIGLEY, M.A., of St. 
John's College, Cambridge, Mathematical Master in the 
Honourable East India Company's Military Seminary, Ad- 
discombe. Second Edition, altered, corrected, and enlarged. 

8vo. $s. 6d 

Cambridge. 
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An INTRODUCTION to the STUDY of the 

OLD TESTAMENT. By Alfred BARRY, M.A., Sub- 
warden of Trinity College, Glenalmond, and late Fellow 
of Trinity College, Cambridge. Preparing. 

PHRASEOLOGICAL and EXPLANATORY 

NOTES on the HEBREW TEXT of the Book of GENESIS. 
By the Rev. Thbodobb PRESTON, M.A., Fellow of Trinity 
College, Cambridge. Preparing. 



A COMMENTARY upon the GREEK TEXT 

of the EPISTLES of St. PAUL : for the Use of Students. 
Conducted by several Fellows of St. John's College, Cam- 
bridge. To be followed by a Commentary on other parts 
of the New Testament. Preparing. 



A HISTORICAL and EXPLANATORY TREA- 
TISE on the BOOK of COMMON PRAYER, By the 
Rev. W. G. HUMPHRY, B.D., Fellow of Trinity Conege, 
Cambridge, and Examining Chaplain to the Lord Bishop 
of London. Preparing. 



The HISTORY and Theology of the " THREE 

CREEDS." By the Rey. William Wigan HARVEY, 
M.A., Rector of JBuckland, Herts., and late Fellow of King's 
College, Cambridge. Preparing. 



An EXPOSITION of the XXXIX ARTICLES, 

derived from the Writings of the Older Divines. By the 
Rev. W. B. HOPKINS, M.A., Fellow and Tutor of St. 
Catharine's Hall, and formerly Fellow of Cains College, 
Cambridge. Preparing. 

The ROMAN CATHOLIC DOCTRINE of the 

Eucharist Considered, in Reply to Dr. Wiseman's Argument, 
from Scripture. By THOMAS TTJRTON, D.D., some time 
Regius Professor of Divinity in the University of Cambridge, 
and Dean of Peterborough, now Bishop op Ely. A New 
Edition. Preparing. 

John Deighton, 
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A TRANSLATION of the EPISTLES of CLE- 

MENT of Rome, Polycarp, and Ignatius; and of the 
Apologies of Justin Martyr and Tertullian : with an Intro- 
duction and Brief Notes illustrative of the Ecclesiastical 
History of the First Two Centuries. By the Rev. T. 
CHEVALLIER, B.D., late Fellow and Tutor of St. Catha- 
rine's Hall. New Edition. 8vo. 12*. 

LITURGIjE BRITANNICjE; Or the several 

Editions of the Book of Common Prayer of the Church of 
England, from its compilation to the last revision ; together 
with, the Liturgy set forth for the use of the Church of 
Scotland ; arranged to shew their respective variations. By 
W. KEELING, B.D., Fellow of St. John's College, Cam- % 
bridge. Second Edition. , 8vo. 16*. 

A HISTOEY of the ARTICLES of RELIGION. 

Including, among other Documents, the X Articles (1536), 
the XIII Articles (1538), the XUI Articles (1652), the 
XI Articles (1559), the XXXIX Articles (1562 and 1571), 
the Lambeth Articles (1595), the Irish Articles (1615), with 
Illustrations from the Symbolical Books of the Roman and 
Reformed Communions, and from other contemporary sources. 
By C. HARD WICK, M.A., Fellow and Chaplain of St. 
Catharine's Hall. 6vo. 10a. 6d. 

A Discourse on the STUDIES of the UNIVER- 
SITY of CAMBRIDGE. By A. SEDGWICK, M.A., 
F.R.S., Fellow of Trinity College, and Woodwardian Pro- 
fessor, Cambridge. The Fifth Edition, with Additions and 
a copious Preliminary Dissertation. 8vo. 12t. 

PALMER'S ORIGINES L1TURGIC.E, an Ana- 

lysis of; or, Antiquities of the English Ritual ; and of his 
Dissertation on Primitive Liturgies : for the use of Students 
at the Universities, and Candidates for Holy Orders, who 
have read the Original Work. By W. BEAL, LL.D., 
F.S.A., Vicar of Brooke, Norfolk. 12mo. 3*. 6rf. 

The GREEK TESTAMENT: with a Critically 

Revised Text ; a Digest of various Readings ; Marginal Re- 
ferences to Verbal and Idiomatic Usage ; Prolegomena ; and 
a Critical and Exegetical Commentary. For the use of '' 

Theological Students and Ministers. By H. ALFORD, f 

M.A., vicar of Wymeswold, Leicestershire, and late Fellow 
of Trinity College, Cambridge. Vol. I. £1 4*. 

Vol. II. in the Press. 

Casotmdge. 
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Annotations on the ACTS of the APOSTLES. 

Designed principally for the use of Candidates for the Or- 
dinary B.A. Degree, Students for Holy Orders, &c\, with 
College and Senate-House Examination Papers. By T. R. 
MASKEW, M.A., of Sidney Sussex College, Cambridge; 
Head Master of the Grammar School, Dorchester. Second 
Edition, enlarged. 12mo. 5s. 

ALTAR SERVICE. With the Rubrics, &c., in 

Bed. Royal 4 to. In Sheets, 12s.; calf, lettered and Re- 
gisters, 1/. U. BIBLES, PRAYER-BOOKS, & CHURCH 
SERVICES, printed at the University Press, in a variety 
of Bindings. 

By the Rev. J. J. BLUNT, B.D., 

Margaret Professor of Divinity. 

FJVE SERMONS, Preached before the University 

of Cambridge. The first four in November 1845, the fifth, 
on the General Fast-Day, Wednesday, March 24, 1847. 

8vo. 5s. 6d. 

FOUR SERMONS, Preached before the University 

of Cambridge in November 1849. 

1. The Church of England, Its Communion of Saints. 

2. Its Title and Descent. 

3 Its Text the Bible. 

4 Its Commentary the Prayer Book. 

8vo. 5s, 

FIVE SERMONS, Preached before the University 

of Cambridge : the .first four in November,- 1851 ; the fifth 
on March the 8th, 1849, being the Hundred and Fiftieth 
Anniversary of the Society for Promoting Christian Know- 
ledge. 8vo. 5s. 6d. 

BURNEY PRIZE for the Tear 1848. 

By I. TODHTJNTER, M.A., Fellow of St. John's College, 
Cambridge. " 8vo. 4a. 

BURNEY PRIZE for the Year 1849. 

Bv A. J. CARVER, B.A., FeUow and Classical Lecturer i 

of Queens' College, Cambridge. 8vo. 4*. r 

SANCTI PATRIS NOSTRI JOANNIS CHRY- 

SOSTOMI Homiliae in Mattheeum. Textum ad fidem 
codicum MSS. et versionem emendavit, precipuam lectionis 
varietatem adscripsit, annotationibus ubi opus erat, et novis 
indicibus instruxit F. FIELD, A.M., Coll. SS. Trin. Socius. 

3 vols. 8vo. 21. 2s.; large paper, 4J. 4s. 

John Deighton* 
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For the Year 1851. On Scripture : its Intention, Authority, 
and Inspiration. By J. A. FRERE, M.A., Fellow and 
Tutor of Trinity Cojlege, Cambridge. 8vo. sewed, 4*. 

Cambridge. 
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Bp. BUTLER'S Three SERMONS on HUMAN 

NATURE, and Dissertation on Virtue. Edited by W. 
WHEWELL, D.D., Master of Trinity College, Cambridge. 
With a Preface and a Syllabus of the Work. 2nd Edition. 

Fcp. 8vo. 3*. 6rf. 

Bp. BUTLER'S Six SERMONS on MORAL 

SUBJECTS. A Sequel to the " Three Sermons on Human 
Nature." Edited by W. WHEWELL, D.D., with a Pre- 
face and a Syllabus of the Work. Fcp. 8vo. 3*. 6d. 

ACADEMIC NOTES on the HOLY SCRIP- 
TURES. First Series. By J. R. CROWFOOT, B.D., 
Lecturer on Divinity in King's College, Cambridge; late 
Fellow and Lecturer on Divinity in Gonville and Caius 
College. 8vo. 2s. 6d. 



CHRISTIAN ADVOCATE'S PUBLICATIONS. 
By W. H. MILL, D.D., 

Regius Professor of Hebrew. 

For the Year 1840. Observations on the attempted Appli- 
cation of Pantheistic Principles to the Theory and Historic 
Criticism of the Gospel. Part I. On the Theoretic Appli- 
cation. 8vo. 65. 6d. 

For the Year 1841. The Historical Character of St. 
Luke's first Chapter, Vindicated against some recent Mythical 
Interpreters. 8vo. 4*. 

For the Year 1842. The Evangelical Accounts of the 
Descent and Parentage of the Saviour, Vindicated against 
some recent Mythical Interpreters. 8vo. 4s. 

For the Year 1843. The Accounts of our Lord's Brethren 

in the New Testament, Vindicated against some recent 
Mythical Interpreters. 8vo. 4*. 

For the Year 1844. The Historical Character of the Cir- 

■ cumstances of our Lord's Nativity in the Gospel of St. 
Matthew, Vindicated against some recent Mythical Inter- t 

preters. 8vo. 4*. 

f 
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The GOSPEL according to St. MATTHEW, and 

part of the first Chapter of the Gospel according to St. Mark, 
translated into English from the Greek, with original Notes, 
&c By Sir J. CHEKE, formerly Regius Professor of Greek 
and Public Orator in the University of Cambridge. By 
J. GOODWIN, B.D., Fellow and Tutor of Corpus Christi 
College, Cambridge. „ 8yo. 7*. 6d. 

PARISH SERMONS. First and Second Series. 

By the Rev. H. GOODWIN, M.A., late Fellow of Gonville 
and Caius College, Cambridge. 12mo. 6*. each. 

CONFIRMATION DAY; being a Book of In- 

struction for Young Persons how they ought to spend that so- 
lemn Day, on which they renew the vows of their Baptism, and 
axe confirmed by the Bishop with Prayer and laying on of 
hands. By the Rev. H. GOODWIN, M.A., late Fellow of 
Gonville and Caius College, and Minister of St. Edward's, 
Cambridge. Price 6d. sewed; Sd. stiff wrappers, 

EXAMINATION QUESTIONS and ANSWERS 

on Butler's Analogy. By the Rev. Sir G. W. CRATJFTJRD, 
Bart., M.A., late Fellow of King's College, Cambridge. 
Third Edition. 12mo. U.6d. 

ECCLESI.E ANGLICANS VINDEX CATHO- 

LICUS, sive Articulorum Ecclesise Anglican® cum Scriptis 
SS. Patrum nova Collatio, cura G. W. HARVEY, A.M., 
Coll. Regal Socii, 3 vols. 8vo. 12». each. 

SOMA RTJIT: The Pillars of Rome Broken. 

Wherein all the several Pleas of the Pope's Authority in 
England are Revised and Answered. By F. FULLWOOD, 
D.D., Archdeacon of Totness in Devon. Edited, with ad- 
ditional matter, by C. HARDWICK, M.A., Fellow of St. 
Catharine's Hall, Cambridge. 8vo. 10*. 6d. 

LECTURES in DIVINITY. Delivered in the 

University of Cambridge. By J. HEY, D.D., as Norrisian 
ProfeBBor from 1780 to 1795. 3rd Edition. 2 vols. 8vo. U.10*. 

SOME POINTS of CHRISTIAN DOCTRINE, 

considered with reference to certain Theories recently put 
forth by the Right Honorable Sir J. STEPHEN, K.C.B., 
LL.D., Professor of Modern History in the University of 
Cambridge. By W. B. HOPKINS, Fellow and Tutor of 
St. Catharine's Hall, Cambridge. 8vo. 3*. 6rf. 

John DeightoD, 
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HTJLSEAN ESSAYS :— For the Year 1845. By 

the Rev. C. BABINGTON, M.A., Fellow of St. John's Col- 
lege, Cambridge. 8vo. 5a. — For the Year 1846. By the 
Rev. A. M. HOARE, M.A., Fellow of St. John's College, 
Cambridge. 8vo. 3*. 6<*.— For the Year 1847. By the Rev. 
C. P. SHEPHERD, M.A., Magdalene College, Cambridge. 
8vo. 3*.— For the Year 1849. By S. TOMKINS, B.A., 
Catharine Hall, Cambridge. 8vo. 7* &2. 

HTJLSEAN LECTURES, 1851.— The Preparation 

for the Gospel, as exhibited in the History of the Israelites. l. 

By the Rev. G. CURREY, B.D., Preacher at the Charter- 
house, and Boyle's Lecturer, formerly Fellow and Tutor of 
St. John's College, Cambridge. 8*. 

PRjELECTIONES THEOLOGIOE: Panenesea, 

et Meditationes in Psalmos IV., XXXII., CXXX. Ethico- 

Criticae R. LEIGHTON, S.T.P. Editio nova, iterum re- V 

censente J. SCHOLEFIELD, A.M., Graec. Lit. apud Cant. 

Prof. Regio. 8vo. 8*. 6d. 

The DOCTRINE of the GREEK ARTICLE 

applied to the Criticism and Illustration of the New Testa- 
ment. By the late Right Rev. T. F. MIDDLETON, D.D., 
Lord Bishop of Calcutta. With Prefatory Observations and 
Notes. By H. J. ROSE, B.D. 8vo. 13*. 

By W. H. MILL, D.D. 
FIVE SERMONS on the TEMPTATION of 

Christ our Lord in the Wilderness. Preached before the 
University of Cambridge in Lent 1844. 8vo. 6*. 6d. 

SERMONS preached in Lent 1845, and on several 

former occasions, before the University of Cambridge. 

8vo. 12*. 

FIVE SERMONS on the NATURE of CHRIS- 

TIANTTY, preached in Advent and Christmas-Tide 1846, 
before the University of Cambridge. 8vo. 7*. 

FOUR SERMONS preached before the University 

of Cambridge, on the Fifth of November, and the three 

Sundays preceding Advent, in the year 1848. 8vo. 5s. 6d. , 

An ANALYSIS of the EXPOSITION of the 

CREED, written by the Right Reverend Father in God, f 

J. PEARSON, D.D., late Lord Bishop of Chester. Com- 
piled, with Borne additional matter occasionally interspersed, 
for the use of the Students of Bishop's College, Calcutta. 
Second Edition, revised and corrected. 8vo. 6s. 

Cambridge. 
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THE THIRTY-NINE ARTICLES, Testimonies 

and Authorities, Divine and Human, in Confirmation of. 
Compiled and arranged for the use of Students. By the 
Rev. R, B. P. KIDD, M.A. 8vo. 10«. 6rf. 

NORRISIAN ESSAYS:— For the Year 1843. 
By the Rev. J. WOOLLEY, M.A., of Emmanuel College, 
Cambridge. 8vo. 'it.— For the Tear 1841, By the Rev. J. 
WOOLLEY, M.A.' Svo. 2*,— For the Year 1S46. By 
J. H. JONES, B.A., of Jeans College, Cambridge. 8vo. 
2». 6d.— For the Year 1848. By the Rev. J. HAVILAND, 
B.A., of St. John's College, Cambridge. Svo. 2*. 6d.— For 
the Year 1848. By the Rev. R. WHrTTINGTON, B.A., 
of Trinity College, Cambridge, Svo. it. 6d. 

LE BAS PRIZE for 18S0-— The Political Causes 

which led to the Establishment of British Sovereignty in 
India. By A. H. JENKINS, M.A., of Christ's College, 
Cambridge. Svo. 2s. 

LEXICON to the NEW TESTAMENT, a Greet 

and English. To which is prefixed a plain and easy Greek 
Grammar, adapted to the use of Learners. By J. PARK- 
HTTRST, M.A. With Additions by the late H. J. Rosa. 
A New Edition, carefully revised. By J.R, MAJOR, D.D., 
King's College, London. Svo. 21 1. 

Br. PEARSON'S FIVE LECTURES on the Acts 

of the Apostles and Annals of St. Paul. Edited in English, 
with a few Notes, by 3. R. CROWFOOT, B.D., Divinity 
Lecturer of King's College, Cambridge, late Fellow ana 
Divinity Lecturer of Gonville and Cains College, Stc- Sec. 
Crown 8vo. 4*. 

The BOOK of SOLOMON called ECCLESIASTES. 

The Hebrew Test, and a Latin Version with TTnli i 'Tilsj^ 
logical and Esegetical. Also a Literal Translation from 
the Rabbinic of the Commentary and Preface of R. Motet 
Mendleuohn. By T. PRESTON, M.A., Fellow of Trinity 
College, Cambridge. Svo. 15s. 

HOR.E HEBRAIC*. Critical Observations on 

the Prophecy of Messiah in Isaiah, Chap, ix., and on other 
Passages of the Holy Scriptures. By the Rev. W. SEL WYN, 
"M.A., Canon of Ely. 4to. St. 

A Treatise on MORAL. EVIDENCE, illustrated 

by numerous Examples, both of General Principles and of 
Specific Actions. By E. A. SMEDLEY, M.A., late Chap- 
lain of Trinity College, Cambridge. Svo. 7s. 6d, 

John Deighton, 
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TAYLOR'S (Bp. Jbeemy) WHOLE WORKS, 

With Life by Heber. Revised and corrected. By the Rev. 
C. P. EDEN, M.A., Fellow of Oriel College, Oxford. 

To be completed in 10 vols. 8vo., 10*. 6c?. each. 



The GREEK TESTAMENT, with English Notes. 

By the Rev. E. BURTON, D.D. Fourth Edition, revised ; 
with a new Index. ■ 10a. 6d. 



The Apology of TERTULLIAN. With English 

Notes and a Preface, intended as an Introduction to the Study 
of Patristical and Ecclesiastical Latinity. Second Edition. 
By H. A. WOODHAM, LL.D., late Fellow of Jesus College, 
Cambridge. 8vo. 8*. od. 



OBSERVATIONS on Dr. WISEMAN'S REPLY 

to Dr. Turton's Roman Catholic Doctrine of the Eucharist 
Considered. By the Right Rev. Dr. TURTON, Lord Bishop 
of Ely. . 8vo. 4*. 6d. 



SERMONS preached in the C hapel of Trinity Col- 
lege, Cambridge. By W. WHEWELL, D.D., Master of 
the College. 10*. 6rf. 



The FOUNDATION of MORALS, Four Sermons 

on. By W. WHEWELL, D.D. 8vo. 3*. 6d. 



An ILLUSTRATION of the METHOD of 

Explaining the New Testament by the early Opinions of 
the Jews and Christians concerning Christ. By the Rev. 
W. WILSON, M.A., late Fellow of St. John's College, 
Cambridge. New Edition. 8vo, 8*. 
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CLASSICS. 



FOLIORUM SILVULA : a Selection of Passages 

for Translation into Greek and Latin Verse, mainly from 
the University and College Examination Papers ; Edited by 
H. A. HOLDEN, M.A., Fellow and Assistant Tutor of 
Trinity College, Cambridge. Post 8vo. 7*. 



FOLIORUM CENTURLE. Selections for Trans- 

lation into Latin and Greek Prose, chiefly from the Uni- 
versity and College Examination Papers. By the Rev. 
H. A. HOLDEN, M.A. Post 8vo. 7#. 



.ESCHYLUS— TRAGCEDLE. Recensuit, emen- 

davit, explanavit, et brevibus Notis instruxit F. A. PA LEY, 
A.M., ohm Coll. Div. Johan. Cant. 2 vols. 8vo. IL 4#. 

Or Separately. 



' S.d. 

Orerteia. (Agamemnon, 
Choephori, Eumenides) 7 6 

Agamemnon 4 

Choephori 3 6 

Eumenides 3 6 



Persse 3 6" 

Prometheus Vinctus ... 40 
Septem contra Thebas, et 

Fragmenta 5 6 

Supplices 4 6 



^SCHTLUS— PROMETHEUS VINCTUS. 

The Text of DINDORF, with Notes compiled and abridged 
by J. GRIFFITHS, A.M., Fellow of Wadham College, 
Oxford. 8vo. 6s. 



^SCHTLUS— EUMENIDES. 

Becensuit et illustravit J. SCHOLEFIELD, A.M. 

Svo. 4*. 6d. 



PASSAGES in PROSE and VERSE from 

ENGLISH AUTHORS for Translation into Greek and 
Latin; together with selected Passages from Greek and 
Latin Authors for Translation into English: forming a re- 
gular course of Exercises in Classical Composition. By 
the Rev. H. ALFORD, M.A., Vicar of Wymeswold, late 
Fellow of Trinity College, Cambridge. 8vo. 6*. 

John Deighton, 
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GEMS of LATIN POETRY. With Translations, 

selected and illustrated by A. AMOS, Esq., Author of the 
great Oyer of Poisoning, &c. &c. 8vo. 12*. 

ARISTOTLE, a Life of: including a Critical Din- | 

cussion of some Questions of Literary History connected 
with his Works. By J. W. BLAKESLEY, M.A., late 
Fellow and Tutor of Trinity College, Cambridge. 

8vo. 8*. 6d, 



TTTEPIAHS KATA AHMO20ENOT2. The Ora- 

tion of Hvperides against Demosthenes, respecting the 
Treasure of Harpalus. The Fragments of the Greek Text, 
now first Edited from the Facsimile of the MS. discovered 
at Egyptian Thebes in 1847; together with other Fragments 
of the same Oration cited in Ancient Writers. With a Pre- 
liminary Dissertation and Notes, and a Facsimile of a por- 
tion of the MS. By C. BABINGTON, M.A., Fellow of 
St. John' b College, Cambridge. 4to. 6*. 6<f. 



ABUNDINES CAML Sive Musarum Cantabri- 

giensium Lusus Canori ; collegit atque edidit H. DRURY, 
A.M. Editio quarta. 8vo. 12*. 



DEMOSTHENES DE FALSA LEGATIONE. 

A New Edition, with a careful revision of the Text, Anno- 
tatio Critica, English Explanatory Notes, Philological and 
Historical, and Appendices. By R. SHILLETO, M.A., 
Trinity College, Cambridge. 8vo. 10*. (kL 



DEMOSTHENES. Translation of Select Speeches 

of, with Notes. By C. R. KENNEDY, M.A., Trinity 
College, Cambridge. 12mo. 9*. 



VARRONIANUS. A Critical and Historical In- 

traduction to the Philological Study of the Latin Language. 
By the Rev. J. W. DONALDSON, D.D., Head-Master of 
Bury School, and formerly Fellow of Trinity College, Cam- 
bridge. 

This New Edition, which has been in preparation for several years, will 
be carefully revised, and will be expanded so as to contain a complete 
account of the Ethnography of ancient Italy, and a full investigation 
of all the most difficult questions in Latin Grammar and Etymology. 

Cambridge. 
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EUEIPIDIS TRAG(EDL3E Priores Quatuor, ad 

fidem Manuscriptorum emendate et brevibus Notis emen- 
dationum potassimum rationes reddentibus instructs. Edidit 
R. PORSON, A.M., &c, recensuit suasque notulas subjecit 
J. SCHOLEFIBLD. Editio Tertia. 8vo. 10s. 6rf. 



TITUS LIVIUS, with English Notes, Marginal 

References, and various Readings. By C. W. STOCKER, 
D.D., late Fellow of St. John's College* Oxford. Vols. I. 
and II., in 4 Parts, 12*. each. 

GREEK TRAGIC SENARII, Progressive Exer- 

cises in, followed by a Selection from the Greek Verses of 
Shrewsbury School, and prefaced by a short Account of the 
Iambic Metre and Style of Greek Tragedy. By the Rev. 
B. H. KENNEDY, D.D., Prebendary of Lichfield, and 
Head-Master of Shrewsbury School. For the use of Schools 
and Private Students. Second Edition, altered and revised. 

8vo. 8*. 

The DIALOGUES of PLATO, Schleiermacher's 

Introductions to. Translated from the German by W. 
DOBSON, A.M., Fellow of Trinity College, Cambridge. 

8vo. 12*. 6d. 



M. A.PLAUTI AULULARIA. Ad fidem Codi- 

cum qui in Bibliotheca Musei Britannici exstant aliorumque 
nonnullorum recensuit, Notisque et Glossario locuplete in- 
struxit J. HILD YARD, A.M., Coll. Christi apud Cantab. 
Socius. Editio altera. 8vo. 7s. 6d. 

M. A. PLAUTI MENJECHMEI. Ad fidem Co- 

dicum qui in Bibliotheca Musei Britannici exstant aliorum- 
que nonnullorum recensuit, Notisque et Glossario locuplete 
instruxit, J. HILD YARD, A.M., etc. Editio altera. 

8vo. 7s. 6d. 

PHILOLOGICAL MUSEUM. 2 vols. 

8vo. reduced to 10s. 

SOPHOCLES. With Notes Critical and Explana- 

tory, adapted to the use of Schools and Universities. By 
T. MITCHELL, A.M., late Fellow of Sidney Sussex Col- 
lege, Cambridge. 2 vols. 8vo. 1/. 8*. 

Or the Plays separately, 5s, each, 

John Deighton, 
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PROPERTIUS. With English Notes. 

By F. A. PALEY, Editor of jEschylus. Preparing. 



CORNELII TACITI OPERA. Ad Codices an- 

tiquissimos exacts et emendata, Commentario critioo et 
exegetico illustrata. Edidit F. BITTER, Prof. Bonnensis. 
4 vols. 8vo. 1/. 8*. 

A few copies printed on thick Vellum paper, imp. 8vo. 4J. 4*. 



A few copies on large paper. 4to. 1/. 10*. 



THUCYDIDES. The History of the Peloponnesian 

"War : illustrated by Maps taken entirely from actual Surreys. 
With. Notes, chiefly Historical and Geographical. By T. 
ARNOLD, D.D. Third Edition. 3 vols. 8vo. 11. 10*. 



THUCYDIDES. The History of the Peloponnesian 

War: the Text of ARNOLD, with his Argument, lljf 
Indexes now first adapted to his Sections, and the Greek 
Index greatly enlarged. By the Rev. R. P. G. TTDDEMAN, 
M.A., of Magdalene College, Oxford. 8vo, 12*. 



I 



The THEATRE of the GREEKS. A series of 

Papers relating to the History and Criticism of the Greek 
Drama. With a new Introduction and other alterations. 
By J. W. DONALDSON, D.D., Head-Master of Bury 
St. Edmund's Grammar School. Sixth Edition. 8vo. 15*. (j 



THEOCRITUS. Codicum Manuscriptorum ope 

recensuit et emendavit C. WORDSWORTH, S.T.P., Scholse 
Harroviensis Magister, nuper ColL SS. Trin. Cant. Socius 
et Academies Orator Publious. 8vo. 13c. 6rf. 
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MISCELLANEOUS WORKS. 



LECTURES on the HISTORY of MORAL 

PHILOSOPHY in England. By W. WHEWELL, D.D., 
Maaler of Trinity College, Cambridge. Svo. 8a. 

THUCYDIDES or GROTE? By BiraUKD 

SHILLETO, M.A., of Trinity College, and Classical Lec- 
turer of King's College, Cambridge. Svo. 2*. 

A FEW REMARKS on » Pamphlet ij Mr. 

Shuaito, entitled "THUCTOIDE8 or GROTE 1" It. Bd. 



The HISTORY of the JEWS in SPAIN , from the 

time of their Settlement in that country till the Commence- 
ment of the present Century. Written, and illustrated with 
divers extremely scarce Documents, by DON ADOLFHO 
DE CASTHO. Cadi*, 1847. 



The QUEEN'S COURT MANUSCRIPT/, with 

other Ancient Poems, translated out of the original Slavonic 
into Engjiih Verse, with an Introduction and Notes. By 
A. H. WBATISLAW, MA, Pellow and Tutor of Christ's 
College, Cambridge. Fcap. 8vo. is. 



On the EXPEDIENCY of ADMITTING the TES- 
TIMONY of Parties to Suits in the New County Courts and 
in the Courts of Westminster Hall. To which are appended. 
General Remarks relative to the New County Courts. By 
A. AMOS, Esq., Judge of the County Courts of Marylebone, 
Brorupton, and Brentford, Downing Professor of Laws in 
the University of Cambridge, late Member of the Supreme 
Council of India. Svo. 3s. 



The LAWS of ENGLAND, An Introductory 

Lecture on, delivered in Downing College, Cambridge, Oe- 

" ' '"" "Esq., Downing Professor of 

Svo. 1«.6£ 

John Deighton, 
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; HISTORY of ROME. By T. Ahnold, D.D., late 

j Regius Professor of Modem History in the University at 
Oxford. 3 vol*. 8vo. Vol. I., 16*.; Vol. II., 18a.; VoL fit, 



HISTORY of the LATE ROMAN COMMON- 
WEALTH, from the end of the Second Punic War, to the 
Death of Julius Csui, and of the Reign of Augustus i wiih 
a Life of Trajan. By T. ARNOLD, D.D., &c 2 vols. 

8vo. U-St. 



Mr. MACAULAY'S Character of the CLERGY 

in the latter part of the Seventeenth Century Considered, 
With an Appendix on his Character of the Gentry as given 
in his History of England. By C. BABDSGTON, M.A., 
Fellow of St. John's College, Cambridge. 8ro. it. 6d. 



CAMBRIDGE UNIVERSITY ALMANAC for 

the Year IMS. Embellished with a Line Engraving, by 
Mr. E. CHALI.IS, of a View of the Interior of Trinity 
College Library, from a Drawing by B. BUDGE. (Cwi- 

liHUtd Annually.') it. 6d. 



DESCRIPTIONS of the BRITISH PALEOZOIC 

FOSSILS added by Professor Sedgwick to the Woodwardian 
Collection, and contained in the Geological Museum of the 
Universitv of Cambridge, With Figures of the new and 
imperfectly known Bpecies. By F. M'COY, Professor of 
Geology, &c., Queens College, Belfast ; Author of " Car- 
boniferous Limestone Fossils of Ireland," *' Synopsis of the 
Silurian Fossils of Ireland." Part I. Ho. 



GRADUATI CANTABRIGLENSES: sive Caia- 

iogus eorum quos ab anno 1760 usque ad 10= Octr. 1616, 
Gr&du quocunque omavit Academia. Cur3 J. ROMILLY, 
A.M., Coll. Triii. Socii atqne Academic Regiatrarii. 

Svo. M». 



MAKAMAT; or Rhetorical Anecdotes of Hariri 

of Basra, translated from the Arabic into English Prose and 
Verse, and illustrated with Annotations. By THEODORE 
PRESTON, M.A., Fellow of Trinity College, Cambridg*. 
Royal Svo. 18j.; large paper, If. ii. 

Cambridge. 




24 Miscellaneous Works. 

ARCHITECTURAL NOTES ON GERMAN 

CHURCHES ; -with Notes written during an Architect ural 
Tour in Picardy* and Normandy. By W. WHEWELL, 
D.D., Master of Trinity College, Cambridge. Third Edition. 
.To which is added, Translation of Notes on Churches of the 
Rhine, by M. P. De LASSAULX, Architectural Inspector 
to the King of Prussia. Plates, 8vo. 12s. 



REMARKS on the ARCHITECTURE of the 

MIDDLE AGES, especially in Italy. By R.WILLIS, 
M. A., Jackflonian Professor of the University of Cambridge. 
Plates, large paper. Royal 8vo. 1/. If. 



Views of the Colleges and other Public Buildings 

IN THE UNIVERSITY OF CAMBRIDGE, 

Taken expressly for the University Almanack, (measuring 
about 17 inches by 11 inches). 

Cambridge Antiquarian Society's Publications, 

Nos. I. to XV. Demy 4to., sewed. 
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